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Ibis  report  Is  of  prtmry  interest  to  reseerdh  workers  who  hum 
oecMion  to  use  factor  analysis  techniques.  Since  factor  analysis  is 
a basic  research  tool^  the  developaents  described  in  this  report  wilX 
be  of  interest  to  research  workers  in  penonnel  vnageaent  as  well  as 
in  other  fields. 

The  technique  of  factor  analysis  is  a widely  used  and  iaportant 
research  .tool  aiaed  at  giving  a better  understanding  of  the  under'* 
lying  abilities  that  personnel  classification  tests  neasure.  In  the 
area  of  test  construction  and  administration,  the  method  of  factor 
analysis  can  be  used  to  answer  the  question:  How  many  traits,  or 
abilities—*  or  for  convenience,  factors—  are  measured  by  a given 
teat  or  set  of  tests t Such  information  in  used  in  improving  the 
effectiveness  of  tests  and  test  batteries.  Ito  date,  the  technique  of 
factor  analysis  has  been  developed  to  prodiu:e  this  information  for  the 
testa  used  in  only  one  study  at  a tine.  The  problem  arisM,  then,  of 
comparing  the  factors  isolated  in  different  experimental  studies  to 
answer  the  further  question:  Are  the  factors  isolated  in  each  of 
several  studies  identical  or  different?  To  answer  such  questions.  It 
has  heen  necessary  to  incorporate  the  tests  from  several  studies  Into 
a larger,  over-all  study  on  a representative  saaqjle  of  people  and  them 
apply  factorial  analysis  techniques.  The  dlfficvltles  and  cost  of  doing 
this  have  discouraged  its  heing  done. 

It  is,  therefore,  desirable  to  have  a technique  for  making  mors 
Itrnediate  cotaparisons  of  factors.  The  present  investigation,  primarily 
taethodologlcal  In  nature,  is  concerned  with  a technique  ttet  will  allow 
comparison  of  factors  when  certain  conditions  are  met  and  will  also 
enable  adjustment  of  the  factors  obtained  In  separate  studies  so  as  to 
synthealae  the  findings.  Computational  deteils  of  the  technique  are 
described,  and  several  numerical  exsmples  are  preseuted  to  show  the 
prooblcabliity  of  the  technique. 
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After  several  factor  aatOysls  studies  la  a particular  aauMl» 
have  been  cosseted,  one  of  tbe  aajor  qiuestltms  that  oeeun  is  Imr  to 
synthesixe  results  froa  these  studies.  Often  there  are  a nuaher 
identical  tests  In  the  several  batteries  eoployed  in  the  studies.  It  is 
hoped  that  these  coonon  teats  win  aid  in  a sore  firm  synthesis  of  the 
studies.  The  problem  has  been  how  to  make  use  of  this  idrati^  of  tMts. 
Claims  have  been  reported  in  the  literature  that  rotation  to  simple 
structure  will  yield  Invariance  of  factors^  and  it  has  been  held  that 
the  cotoaott  tests  could  assist  in  Identifying  con«?«pondlng  factors  la 
the  two  studies.  However^  some  difficulty  has  been  encountered  la  this 
approach  (aa  has  also  been  reported  in  the  literature);  conse^uentl^y,  the 
need  for  devising  a more  definite  method  has  become  clear.  In  partlcularf 
it  has  been  hoped  that  by  some  sew  rethod  two  studies  which  have  av«r- 
lappina  testa  and  have  been  factored  in  accordance  with  L.  L.  Thurstooe*s 
general  theories  to  loadings  on  reference  exes  could  be  separately  rotated 
into  congruence  and  then  Jointly  rotated  to  sliq^le  structure. 

An  illustration  of  the  prcblem  tinder  attack  is  provided  two 
studies  conducted  by  the  Personnel  Research  Section  of  the  Personnel  Research 
and  Procedures  Branch,  Office  of  the  Adjutant  General,  Bepartment  of  the  Amy 
in  cooperation  with  representatives  of  the  other  Anoid  Services.  study 


t^rne  author  is  indebted  to  a ntimber  of  ataff  c&abers  in  the  Department  of 
Statistical  Analysis,  Educational  ‘Testing  Service,  ’dio  have  worked  on 
devclopacnt  of  the  caterial  of  this  report.  Deserving  of  special  mention 
ere  Mrs.  Gertrude  Diederic-h  who  assisted  in  the  analyGiP  of  the  majOT 
czsvjple  and  Hiss  Angela  S,  Kolan  vho  assisted  in  the  prepi^ratlon  of 
cespating  dlrectlor.8.  Portions  of  the  sjanuecript  were  read  by  Dr.  William 
G.  Kollenkopf  and  Dr.  Frederic  M.  Lord,  both  of  the  Bdueatloual  Testing 
Service  Research  Department,  and  by  Miss  Reurietta  L,  Gallefcacr  of  the 
Department  of  Statistical  Analysis. 


involYcd  Anqr  and  Vvry  ciMilficatiOB  tcgti*  vhleh  mra  given  to  a grosy  ot 
Reval  Beerulte  after  vhleh  a factor  analysla  wm  perforaed  iBeluding  xotetioa 
of  axee  to  an  ortho^oal  tipple  atrueture  given  in  lable  1.  this  etugjr  vtU 
he  called  Study  A.  She  other  atudy,  vhleh  vlll  be  called  Study  lovhlvaA 
Amy«  Shvy,  ud  Air  force  teats  given  to  com  Almra  and  aoae  Soldiers.  A 
feu:tor  analyaia  again  was  perfomed  with  rotation  to  the  orthogonal  alivilo 
structure  also  given  in  nble  1.  Sen  of  the  variables  vers  comon  to 
two  studies  as  indicated  by  the  cross  refereneee  included  in  the  two  tahlaa. 
Some  difficulty  'lae  experienced  in  identification  of  the  aane  factors  la 
the  two  studies.  SOese  tvo  tables  vlll  be  called  natrices  and 
It  is  the  pitrpcee  of  the  present  Investigation  to  develop  a means  for  flndiag 
a factor  space  conosn  between  such  studies  as  dcter:’'Ined  by  slttllari^  of 
factor  loading  of  tests  cos&aon  to  the  studies.  •D\1lB  nay  be  expressed  aathe- 
Bfttieally  as  atteoptlng  to  discover  transforcstlon  matrices  S^^  ami 
such  that  when  ””” 
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the  differences  between  natrices  and  are  negligible  for  tests 
overlapping  this  tuo  studies . 5hc  subscripts  a and  H have  been  used  to 
designate  the  i-e^erenca  factors  in  the  two  studies  while  r is  used  to 
designate  what  we  will  term  congruent  factora.  A and  B are  used  to 
designate  the  studies.  31ie  nuot-cr  of  congruent  factors  tasiy  be  less  Hb&a 
the  nufflher  of  factors  In  either  study. 


•Once  a set  of  ceagruent  factors  have  bean  determined,- further 
rotation  of  bxsb  in  both  fitudlcs  Jointly  within  the  space  of  the  con- 
gruent factors  can  be  accosiplished  to  rotated  c..asrusnt  factors,  tih  .m- 
ever  the  ccrign-wace  has  been  established  aa  of  sufficient  strength, 
these  steps  ahoald  facilitate  across  study  comparisor.i . 


Bcuort  773.  Ccusparlson  of  kcisy  and  "avy  Claeali'icatlon  Teals.  29 
April  19!i9. 
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^Theoe  rotated  factors  will  be  used  as  reference  factors  in  the  Yollowlag 
atjalysJa  and  will  he  so  latelcd. 
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II.  Benults  of  • SMreh  of  tbn  Litorotur* 


Am  tht  study  of  tli*  litenturo  yrogrtssed  It  1>te«a»  uypsront  tbat 
yuibliestlons  to  date  could  be  elaeeified  under  two  beadlnee.  Flnti  there  haa 
been  some  eontroverey  on  invariance  of  reaulta  froa  factorial  etudles.  Second, 
•cveral  problew  aiailar  or  related  to  the  one  we  are  studyins  have  been  treated 
and  aolutiona  have  been  found.  Evaluation  of  the  eaterlal  presented  in  the 
literature  becaoe  guided,  as  a»re  eaterlal  was  covered,  by  a greater  precision  “ 
in  definition  of  the  general  nature  of  the  attack  we  were  going  to  aake  on  the 
solution  of  the  problem. 

A.  Controversy  on  Invariance  of  Factorial  Results  When  Several  Studies 


Are  Analyzed  in  Accordance  with  IThurstone's  Hultirle  Factor  Analysis 


Theory. 

Thurstone  has  suggested  (25,  26,  28)  that  rotation  of  axes  in 
factor  analyses  to  sia^le  structure  will  yield  invariant  results  for  | 
coEiaon  factors  under  hroad  conditions  of  change  froa  one  study  to 
another.  Several  Uniting  conditions  in  which  invariance  could  not  be 
expected  were  also  noted.  Specific  changes  for  which  invariance  was  | 
claimed  were: 

! 

1.  The  battery  of  tests  could  be  altered  by  addition  of  other 
variables  or  by  deletion  of  variables,  provided  that: 

(a)  The  new  variables  did  not  have  loadings  on  a factor 
specific  to  ons  of  the  original  variables,  in  which 
case  this  previous  specific  i'ector  would  becom  a new 
cc  foctor;  however,  the  previous  conmon  factors  were 
Invariant. 

(b)  The  new  variables  did  not  have  addlttOTiai  cctsaon  factors 
BTaong  themselves,  in  which  case  a new  consdon  factor  or 
factors  would  be  added j however,  the  prevloua  cosaaon 
factors  were  invariant. 


(c)  Ih*  wiftblea  dalatad  did  not  •llnlonta  ouo  of  the  frevtoua 
conon  faetora)  bowtverf  tha  othar  eoianon  faetora  naalnad 
Invariant* 

(nturatoaa  vaa  cognlitaat  of  tba  fact  that  dalatloa  of  taats 
could  leava  tha  configuration  of  vaetora  auch  that  tha  ai^pla 
atruotura  vaa  ao  indateminata  that  tha  rotation  of  axaa  would 
not  reault  in  tha  aana  faetora.  Alao  racogniaed  vaa  that  addition 
of  nav  taata  could  help  datarsine  a alaple  atructure  pravioualy 
Indeteminata.) 

Ihe  battery  of  taata  could  be  adainlatercd  to  dlfferant  groupa  of 
indivldualay  provided  that! 

(a)  The  groupa  were  aufficiently  alsilar  ao  that  tlw  payehological 
nature  t9:«k8  involved  in  the  teata  did  not  change* 

(b)  Partial  apecial  aelection  bad  not  occurred  between  groupa  on 
two  or  Bore  variablea.  Xn  thia  caae  a new  "incidental** 
comon  factor  would  be  added;  but  the  aiuple  atructure  would 
retaaln  for  tha  dotanon  faetora* 

(c)  CoD^)lete  apecial  selection  had  not  occurred  on  one  or  sore 
varlahlea. 

(Thuratoaa,  la  this  area  of  change,  conaidered  it  peraiaalble  for 
the  factors  to  change  in  correlation  and  for  the  exact  values  of 
the  non-vaalshlng  factor  loedinga  to  change.  The  factor  loading 
changes,  liowever,  are  epproxinately  by  a constant  of  proportionality 
for  each  factor  under  theoretical  conditions  of  aelection.) 

Keycr  (l6)  has  experlxsantally  detnonstTOted  factorial  invariance 
vhea  teete  ard  deleted  froa  a battery.  He  dealt  explicitly  with  cases 
in  which  tha  test  deletions  left  the  aiisple  structure  indeterwlnate.  In 
one  of  three  stirll  batteries  foraed  by  a selection  of  the  testa  used  by 
the  Thuretones  in  o study  at  the  eighth  grade  level  (2j) , one  ftetor  which 
shou3.d  have  been  present  could  not  be  identified  after  separate  analysis 
of  the  smll  battery  and  rotation  to  what  appeared  to  be  its  eis^e 
structure,  Meyer  used  Thurstone's  correlations  ao  that  only  invariance 
under  teat  selection  was  being  tested.  It  seers,  however,  that  data  frota 
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Meyer'b  thlrA  lAttery  ••  coapared  with  ISiimtoM**  rMults  for  ■ 
l«rg*r  iNittery  would  b«  Idoal  for  • tryout  of  aagr  wttiodo  derolopod  . 
in  tbo  prenmt  projoet* 

Godfrey  numsoa  (25) « applying  Peareoa's  and  Altken'a  fonailation 
of  effecta  of  aeleetionf  baa  pointed  out  tbat  unimriate  and  aultl^rlaU 
aeleetlon  affected  factorial  aolutiona.  Xhuratoae'a  analyaia  of  the 
reeulta  of  theee  effecta  haa  been  previoualy  aotad. 

Cyril  Burt  (l)  hM  uaed  the  eprrelatloo  hetveen  ivo  beta  of  .factor 
loadinga  aa  an  indication  of  agreenent»^  R.  1*  Cattell  (7)  called  thia 
a "ahape  correlation  coefficient.’*  Willlaa  Stephenaon  (22)  haa  uaed  the 
rank  correlation  coefficient  in  hie  Q-teehnlq[ps  aa  a weasure  of  aiailaril 
of  profiles . Cattell  (7)  also  suggested  a coefficient  of  pattern  sini- 
larityi 

r , - Bd^ 

**  2k  + 

ft 

in  vhlcb  k is  the  nedian  for  X on  a sas^e  of  size  n,  the  nuober  of 
teste  Involved.  (Each  d vould  be  the  difference  In  factor  leadings  for 
one  teat  in  two  analyses.)  Cattell  was  particularly  interested  in 
slallartty  of  profiles  for  two  Indivldusla  and  the  d’s  would  be  the 
differences  in  their  scores;  but  he  suggested  that  the  coefficient 
could  be  applied  to  slnilarity  of  factor  loadings  of  .tests  la  two 
studies. 

Two  other  sugsestlons  by  Cattell  were  reriewed.  In  one  (2)  he 
suggested  a different  aethod  for  dctenalniug  r-atation  of  axes  than  the 
principle  of  sicple  strxsctvre.  Ela  susgestlon  vns  to  wake  two  studies  > 
using  the  sane  tests  in  both  studios,  but  so  o»2rating  on  the  groupo  of 
subjects  ex&ained  that  the  variability  of  the  teats  attributable  to  one 
payohologloal  f\mction  vould  differ  betweeu  gr“ip3.  Eot-j.tion  would  be 
gxiided  to  that  position  where  lendings  on  all  factors  btii  one  would  be 
equal  between  two  studies  and  loadings  on  the  one  factor  vould  be 
proportional  between  studies , Katheaatlcs  for  acooitpllsb;  ..g  the  desired 
result  were  presented  only  for  the  two  dltsensional  case  with  no  alnor 
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iBconsicteneiw  ■ritlng  frca  such  aoureu  ••  l•■pllng  arrora.  In 
another  article  (4)  Cattail  uael  bivariate  frcq.tteiKy  eonnta  and 
probabilitiea  to  aiQiport  aatchlnc  of  faetora  after  tvo  studiea 
had  been  rotated  to  aisq^le  atructura. 

B.  3.  Beybum  vlth  J.  0.  !rayIor  in  1943  (iS)  and  vlth  M.  J. 

Baath  in  1949  (19)  hna  criticised  ainple  structure  as  s baaia  for 
rotation  of  axes  Tia  factor  anal}>8is . Toung  and  Spuaebolder  (29) 
avggeated  pivotiDg  rotations  in  successive  studies  on  particular 
testa  by  which  they  hoped  a large  body  of  knowledge  about  relations 
could  be  built. 

Boints  of  p8rtlc'''l«r  interest  in  the  foregoing  review  of 
literature  on  factorial  invariance  of  simple  atrueture  solutions 
to  the  present  project  ere: 

1,  Dlsagrceoent  exists  as  to  whether  or  not  to  expect  aie^le  structure 
factorial  solutions  to  be  invariant. 

2.  Several  indices  for  identity  of  factors  in  two  studies  have  been 
put  forirard.  Of  rest  Itsportaace  to  the  present  project  are: 

(a)  Ihe  correlation  coefficient  between  loadings  on  two  factors. 

(b)  Catteil'fl  coefficient  of  pattern  similarity. 

5.  Pcacitle  effects  of  chaiige  In  bettery  analyzed  by  test  addition  or 
deleticn  have  been  noted.  Cession  factors  eay  be  added  when  tests 
are  added  cr  coEinon  factors  tray  be  deleted  whan  testa  are  deleted, 
js^ditioa  of  teste  Eight  help  determine  a sitrple  structure  while 
test  deletion  sight  leave  the  strvcttnro  indetenninate. 

4,  Effects  of  oelectlc-a  of  the  group  c.f  eub.jectn  used  is  a etusiy  can 
ebaege  the  extent  cf  con'clatloso  bct’feen  factors  and  the  relative 
mgnitude  cf  londings  of  the  heats  on  the  factors,  'in  soow}  extycese 
csces,  factors  cay  be  added  or  deleted,  "no  factorial  comjxjsition 
of  teats  Essy  change  when  groups  of  different  level.?  of  ability  are 
being  cMifiiined. 
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B.  Solutlomto  81all«r  or  Belated  Problw 

Two  particularly  relevant  derelopacafta  have  been  reported  In 
the  literature.  In  one.  Hosier  (l?)  bae  treated  the  ease  where  loadings 
on  a factor  are  assuaed  to  be  known  and  it  is  desired  to  locate  an 
axis  vhleh  has  these  loadings  within  saall  differences.  A least-squares 
nethod  of  fitting  actual  loadings  to  the  theoretical  loadings  were  used; 
Bis  solution  resulted  In  the  following  aatrlx  equation: 

(A»A  + iJl)A  •Xfj  (11. 

where  A is  the  factor  satrlx  on  reference  factors,  ^ Is  a constant 
to  be  determined,  A Is  the  column  vector  with  direction  cosines  of 
the  desired  axis , and  V Is  a column  vecXcar  with  the  theoretical 
loadings  to  be  approxiioated.  Since  the  labor  of  solution  would  be' 
great.  Hosier  suggested  as  approximation  obtained  when  j^vas  set  at 
zero. 

A « (A'A)*^A'V  (11, 

This  would  result  In  direction  numbers  lawteid  of  direction  cosines, 
and  it  would  be  necessary  to  normalize  tbe  solution.  Justification  of 
approximation  can  be  made  In  cither  of  two  ways:  one,  that  jg  should 
he  small;  and  two,  that  the  restriction  that  the  resulting  vector  be 
of  unit  length  be  discarded.  This  latter-  method  of  Justification 
niters  the  problem  to  that  of  finding  an  «xis  for  which  the  loadings 
are  as  nearly  proportional  to  the  theoretical  loadings  as  possible. 
Eqiaitioa  II. 2 is  a solution  to  this  problem, 

Harold  Hotelling  (l3)  l;as  dealt  with  the  sitmtion  where  there 
are  not  only  several  predictor  -/arlables  to  be  combined  in  a regression 
etJuation  hut  also  several  criteria  which  are  to  be  combined  so  that 
optimum  prediction  can  he  obtained. 

Tee  matrix  equations  are: 


3 

■A  » 
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yfbsttt  Is  the  sstrlx  of  standard  scores  oa  the  ertterlS) 

is  a colusn  vector  of  optlnua  vel^^tte  fOr  the  crlterlSi 

MM 

Z Is  a eoluBD  vector  of  opttaally  predictable  criterion  standard 
scores » 

is  the  oatrix  of  predictor  intercorrels tioes  > 

W the  aatrix  of  criterion  intereorrelatloesy 

■ R.  »ls  the  natrlx  of  correlations  of  predictors  with  criteria, 

Ja  JJf 

is  an  undetermined  multiplier. 

Once  equations  11. k and  II. 5 are  solved,  the  appropriate  regression  of  the 
predictors  for  the  criterion  Z can  he  obtained  by  mcaal  methods  where: 

■>«  ■ V«  ’ . 

being  a column  vector  of  correlations  of  predictors  with  Z.  Hotelling 
notes  that  equation  II. U may  be  siiigillfied  by  treatise  the  original  criteria 
60  as  to  obtain  a derived  unoorrelated  set  to  be  nsed  in  this  solution.  The 
uatrlx  Is  then  the  identity  matrix  and  may  be  dropped.  Equation  Il.k 
Is  then  in  the  form  for  solution  for  principal  components . 


Hotelling’s  solution  is  of  interest  la  the  ccatext  of  the  present 
project  in  that  he  was  tratchlng  optimolly  two  separate  sets  of  observations. 
We  will  be  interested  in  matching  factor  loadings  odT  tests  rather  than 
scores  of  individuals. 


A.  Aasugptlon  of  Piurfltone*«  General  Theory  of  Fetctor  Analysi* 


Since  conelderablft  eontroverey  exists  between  several  systeas  of . 
factor  analysis  it  vbu  felt  necessary  .to  Halt  consideration  of  synthesis 
of  factor  analysis  studies  to  within  a particular  factorial  system,  ..that 
developed  by  L<  L.  flhurstons  (28)^  Of  particular  Importance  are  the 
following  basic  assumptions  mode  In  fhurstone^s  theory  of  multiple  factor 
analysis. 

1.  Variability  of  scores  on  a test  among  members  of  a ._ 

population  can  be  accounted  for  by  variability , of* 
underlying  abilities  among  uea2>era  of  the  popvilatlon, 

plus  errors  of  observation.  -rv, 

2.  For  any  particular  battery  of  tests,  some  of  the  . 
abilities  are  conaon  in  that  they  contribute 
variability  to  scores  on  several  tests  and  some 
abilities  are  unique  to  each  test  in  the  battery. 

3.  A linear  cocliinatioa  of  ability  scores  Is  an 
adequate  approximation  to  the  actual  mode  of 
combination  in  producing  test  scores. 

As  a consequence  of  the  choice  of  frajaework  it  would  be  expected  that  the 
method  of  synthesis  would  he  more  likely  to  be  satisfactory  for  studies 
node  within  Thurstone’a  theory.  Additional  values  might  accrue  if  the 
method  of  synthesis  were  found  to  he  U6ab7.a  for  other  factorial  theories, 
hut  the  reasonableness  of  the  application  would  have  to  he  separately 
evaluated. 


’Effects  of  the 


One  of  the  problems  in  synthesizing  factorial  studies  is  that  of 
abstracting  common  meaning  in  spite  of  tbe  fact  that  different  groups  of 
indlvidi:als  have  been  lased  as  the  base  for  the  several  studies.  Since 


these  base  groups  are  not  usually  selected  as  unbiased  satiq)le3  from  the 
same  population,  it  seems  wise  to  consider  that  they  may  have  different 
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paraaeten  aueb  as  test  and  factor  Tarlancea  aad  Intsrcorrelatlons.  VtM 
'base  groups  often  are  cos^osed  of  the  people  aost  readily  availa'ble  for 
testing.  Sons  restrictions  tnay  he  Isposed,  but  no  real  attempt  is  made 
to  obtain  an  unbiased  sample  of  a previously  defined  population.  Vhen  . 
several  such  catch*as-eatch-can  groups  are  Involved^  the  statistics  for 
these  groups  may  veil  differ  greatly.  It  la  obvious  that  an  adequate 
method  of  synthesis  must  be  able  to  cope  with  these  inter-groxtp  differ- 
ences. One  restriction  that  must  be  made  In  order  to  develop  a method  of 
synthesis  Is  that  the  base  groups  do  not  differ  so  widely  that  the 
factorial  pattern  of  tests  change  markedly.  If  performance  on  a particular 
test  Is  more  dependent  on  reasoning  ability  for  grade  school  children  but 
more  dependent  on  perceptual  speed  for  college  students,  the  factor  patterns 
would  he  different  and  use  of  results  for  this  test  would  be  misleading 
when  attempting  to  synthesize  the  two  studies.  Vide  differences  hetwce'il 
the  groups  must,  consequently,  he  considered  with  skepticism. 

C.  Defined  Restrictions. 

In  the  light  of  the  foregoing  discussion  and  the  material  In  Appendix 
A,  it  seems  necessary  that  three  areas  of  possible  restrictions  be  considered 
and  that  necessary  definitions  be  made. 

1.  Since  the  test  variances  are  a function  of  the  group  of  people  who 
happen  to  take  the  tests,  and  the  rows  of  the  factor  matrix  are 
affected  proportionately  if  the  mite  of  weasurements  of  the  tests 
are  changed,  it  seems  desirable  to  establish  a cemnon  unit  of 
measurement  for  each  test  taken  by  the  several  groujji  requires 

a factor  analysis  of  covariances  rather  th*a  of  correlations.  When 
correlations  are  analyzed,  a set  of  units  are  Implied  which  yield 
unit  variances  for  one  particular  group  of  people.  When  two  groups 
are  considered  with  different  test  variances,  two  different  seta  of 
tesu  units  of  measurement  are  necessary  to  yield  correlations  for 
each  of  the  groups.  In  Section  III  of  the  Appendix  A,  it  is  shown 
that  a change  in  test  unit  of  measurement  results  In  proportionate 
changes  In  the  factor  loadings  of  the  tests  (See  equation  A. 20). 


As  a eonseq:utaee  it  vill  ta  defined  tbrougbout  tbe  present  fievelopnent 
that  the  factor  aatrlees  fOr  the  several  groups  will  have  heen  adjusted 
so  that  a < .-osnon  unit  of  ■easnreaent  will  have  heen  used  for  each  test 
across  the  several  groups.  Ihe  cethod  for  adhing  the  adjustnent  for 
units  of  neasurenent  is  outlined  below.  In  this  outline  it  is  assuaed 
that  the  factor  analyses  have  heen  carried  out  on  correlations. 

a.  Detemine  for  each  groi^  a desired  standard  deviation  on 
one  test.  These  standard  deviations  are  to  he  propoitlonal 
to  the  raw  score  standard  deviations  on  the  test  for  the 
groups.  The  average  of  the  standard  deviations  over  the 
several  groups  is  to  he  considered  as  a weighting  factor  for 
the  test  indicating  the  Importance  of  that  test  in  deter- 
nlning  the  synthesis  of  the  factor  analyses.  If  one  of  the  ’ 
testa  is  not  to  he  relied  on  very  heavily  in  synthesising  the 
studies,  the  average  standard  deviation  of  that  teat  can  be 
made  low.  Conversely,  an  important  test  can  he  given  a high 
weight  hy  using  a large  average  standard  deviation.  In  the 
llliutratlve  pair  of  stxtdies,  for  which  the  factor  loadings  - 
were  given  in  Ifable  1,  all  tests  were  asolgned  unit  average 
standard  deviations,  -^ble  2 presents  the  raw  score  standard 
deviations  in  the  two  studies  for  each  test.  For  the  first 
test,  the  raw  score  standard  deviations  were  1,73  in  Study  A 
and  1.88U  in  Study  B.  Tiie  mean  of  these  two  standard 
deviations  was  1.807.  The  adjusted  standard  deviations  were 
obtained  by  dividing  the  raw  score  standard  deviations  hy  the 
mean; 

.957^^  - 1.73/1.807-, 

1.0429  » 1.884/1.807, 

In  case  this  test  were  to  have  a weight  different  from  unity, 
the  adjusted  standard  deviations  woxjld  have  been  taultiplled 
by  this  weight. 


Nultlpljr  tb«  fiBctor  loattngt  for  the  test  in  the  reference . 
factor  aatrix  for  each  ffcoop  by  the  desired  etandard 
deviation  of  the  teat  f^  the  group.  Sable  5 preeenta 
ad^ueted  factor  loadings  for  the  exai^le.  Only  the  teats 
eooiaon  to  the  two  aindica  are  included  in  this  table.  In 
obtaining  these  Talues>  the  factor  loadings  for  each  test 
vere  multiplied  by  the  corresponding  adjusted  standard 
deviation.  She  loadings  in  Sable  1 for  Study  A test  l8  were 
multiplied  by  .957^«  the  correepceding  adjusted  standard 
deviation  givea  in  Sahle  2.  Similarly,  the  loadings  in 
Study  B for  this  same  test  vere  multiplied  by  1.0429*  these 
stepa  can  be  stated  in  mtrlx  algebra  ast 
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(III.IA 

(III.IB 


The  entries  in  the  diagonal  matrices  are  the  adjusted  standard 
deviations . The  subscript  Is  used  to  designate  the  tests 
vlfch  unit  etandard  deviations  in  the  s^rate  studies  and  the 
subscript  £ is  used  to  designate  the  tests  after  adjustment  of 
the  standard  deviations. 


c.  Repeat  steps  a and  b for  each  of  the  remaining  tests. 

d.  The  resultlr.g  factor  matrices  with  adjusted  standard  deviations 
will  be  used  In  all  follcvljjg  steps. 

2.  In  accordance  with  the  reeulta  of  aectiou  4 and  equation  A.28 
of  Appendix  A,  the  variances  of  scores  on  the  factors  will  be 
pertsi feted  to  vary  between  the  feyo  studies. 

3.  Since  biased  selection  of  the  groups  is  anticipated  as  possible  and 
the  results  of  section  4 of  .appendix  A indicate  for  this  case  that 
tha  coiTei&tlona  between  the  factors  may  differ  for  the  several  groups 
no  restriction  of  similar  correlations  between  factors  for  the  several 
groups  will  be  Irqicsed, 
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D.  SynthcBis  of  Studl««  TVo  at  '*  Tim. 

Id  order  to  the  problea  to  soae  aanageable  eixe^  . 

conslderstton  vlll  be  given  only  to  the  case  in  vhieh  there  are 
two  studlea  to  be  ecrathealxedi  When  there  are  more  atudlee  thao 
two.  It  la  hoped  ttet  coaplete  ayntheaixation  can  be  accon^llshed 
by  progressive  synUtesls  of  pairs  of  studies. 

E.  Some  Tests  CQaaon  to  Both  Batteries,  Other  Testa  In  Either  Battery. 

It  will  be  asaused  that  the  batteries  of  tests  in  the  two  factor 
studies  contain  soae  overlap  tests  and  some  tests  that  appear  In  either 
of  the  batteries  bat  not  in  both.  A test  vlll  be  considered  as  an 
overlap  test  only  if  l)  the  test  has  not  undergone  editorial  changes, 

2)  the  time  Holts  have  not  been  changed,  3)  Instructions  have  not 
been  changed,  4)  test  administration  conditions  are  similar,  and  5} 
soo-lng  method  la  the  same.  Synthesis  of  the  studies  will  depend  on 
the  overlap  testa  only. 
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naiblc  2 

ADJUsam  ssrr  sxasdard  Dsvimons 


Adjusted 

Test  Code  Wuaibera  Bay  fleore  Standard  Deviation  afawn^ard  psTlatloa 


Stu^  A 

Study  B 

Study  A 

Study  B 

Average 

Study  A 

Study  B 

18 

1 

1.73 

1.884 

1.807 

.9574 

1.0429 

9 

26 

8.04 

9.1*87 

8.764 

.9174 

1.0825 

5 

as 

£.0$ 

8.920 

8.485 

.9487 

1.0513 

12 

28 

12.^ 

14.942 

13.666 

.9066 

1.0934 

4 

22 

8.30 

8.497 

8.398 

,9883 

1.0U8 

13 

32 

6.49 

6.971 

6.730 

.9643 

I.OS58 

l4 

34 

5.91 

6.529 

6.220 

.9502 

1.0497 

15 

33 

7.22 

8.695 

7.958 

.9073 

1.0926 

11 

a? 

10.62 

12.076 

11.348 

.9358 

1.0642 

l6fl7 

30 

25.67- 

25.038 

25.354 

1.0125 

.9675 

Nbl*  S 

UMOnOB  <M  KWWBWl  MCTOM  KR  OttHM  XBSB 
vm  KomoD  stmjin  ommon. 
snot  A 


Matrix 


T»at  CoJg  Mh^bara 


teadlnxa  cb  Hafercnea  Taetora 
(OMloal  point*  ar*  oxlttad.)' 


atuAr  A 

StnSr  B 

1 

11 

111 

ly 

Y 

Yl 

lA 

1 

5<J? 

201 

086 

^10 

067 

>010 

9 

s6 

76l 

009 

009 

073 

.009 

5 

2S 

5»H 

-086 

009 

503 

256 

199 

12 

28 

52« 

06s 

IV5 

317 

100 

281 

A 

22 

267 

009 

030 

t55 

52t 

st6 

IS 

32 

608 

096 

029 

260 

ttt 

260 

lA 

SA 

570 

0S8 

000 

095 

285 

076 

15 

U 

S3 

ar 

s6s 

730 

000 

0A7 

009 

sat 

330 

309 

508 

CO9 

000 

000 

16«-17 

so 

528 

633  ’ 

lot 

. 122 

ou 

017 

aXtDY  B 


Matrix  r. 


Teat  Coda  Kuabera 


loadlnga  on  Heferenee  yaatora 


(Deelxol  point*  are  oaltted.) 


study  A 

study  B 

I 

XT 

ni 

17 

V 

VI 

VII 

VIII- 

IX 

X 

XI 

XU 

18 

1 

k39 

-o?8 

316 

256 

l82 

473 

083 

043 

064 

-010 

050 

121 

9 

26 

595 

-cat 

071 

2t9 

167 

toi 

-03t 

265 

188 

-065 

297 

-o4o 

■ 5 

23 

191 

Ct5 

05a 

559 

279 

159 

-028 

193 

470 

097 

212 

043 

12 

23 

253 

-C<A 

136 

283 

393 

249 

010 

087 

480 

-087 

510 

022 

k 

fa 

091 

o33 

oao 

622 

. 231 

003 

Olt 

137 

584 

-006 

167 

166 

13 

32 

S3l 

C5A 

C65 

609 

193 

238 

017 

186 

579 

054 

215 

016 

It 

3t 

15t 

-Otj 

Oli^ 

t36 

lOl 

-058 

616 

179 

023 

235 

-010 

15 

33 

c3o 

115 

-015 

836 

•008 

167 

-046 

161 

251 

-010 

189 

.016 

U 

27 

Uxo 

-0^ 

lit 

311 

0'^ 

512 

OU 

l6t 

315 

496 

09t 

l6fi7 

30 

3U 

001 

096 

U9 

337 

543 

-002 

064 

178 

-0C8 

187 

-001 

»ia« 

IT*  Coaartwned  of  gactor  Ifatrle— 
l>»finitlon  of  Copgruina. 

IIm  tsm  MBoriMno*  is  used  la  this  dwvloiMdt  to  Indleoto 
« lomr  lovol  of  faroelaloo  of  oolnoidonoo  thaa  ia  aaaoelatad  vitli  ita 
UM  la  gsoMtiT'.  Battaar  thaa  Doaaing  that  an  axaot  fit  of  ma  Matrix 
to  tha  othar  haa  baaa  ohtainad«  aa  approxloata  fit  ia  to  ha  Indieatad 
hj  .^a  tana.  Tae  aatarleaa  vlU  ba  eonaidarad  aa  coagruant  if  thajr 
are  eeaaralljr  aiallar*  vltb  oal/  ‘ralatlvaljr  aoaU.  randoa  dlfferanoaa. 

In  davialo^  aa  Index  of  extent  of  oon^ence,  the  concept  of 
being  nbla  to  zaplaoa  tha  two  natrlcaa  bp  an  average  Matrix  la  convenient. 
Zat  tho  tvo  oatrieaa  In  vbich  va  are  intereated  ba  tha  factor  Mtrloaa 
and  Jhalr  average  can  ba  dealfipatad  and  ia  obtained 

bp  tha  following  eqsation  in  which  lower  oaaa  lattera  daai^ta  call 
entrlaa. 

■ (V2)  (f**  ♦ W-  ■ 

In  the  lndex>  the  dlfferancea  beU'een  each  element  of  ona  matrix  and 
tho  corresponding  elaa«nt  in  tha  averaga  matrix  is  e^uarel  and  these 
squared  differences  aesnaed  eeparatalp  for  each  factor,  ibis  is  dons  for 
both  of  the  original  matrices . Sg[uarea  of  the  entries  for  each  factor 
in  tha  average  matrix  are  then  suztsmed.  Since  it  is  important  that  each 
factor  la  cergruent,  a setarato  index  of  oongrwoaoe,  lo  defined  for 
each  factor  aa  the  ratio  of  tha  aua  of  squares  of  differences  for  the 
factor  to  twice  the  sna  of  e^uai'es  of  average  loadings  for  tho  factors; 
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The  dencalnator  la  doubled  oc  as  to  balance  tho  nimbcir  of  values  summed 
in  the  nuisorator  and  the  dencsslnator.  This  index  might  beat  bo  deocrlted 
as  a Beasuro  of  tho  extent  to  which  it  would  be  sensible  to  replace  the 
factor  from  tha  two  studies  by  the  average.  A low  value  would  indicate 
that  this  voaM  be  pcsaible. 

Whan  equation  IV.l  ia  substituted  into  equation  XV. 2;  it  is  found  that 
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Vte  Intfez  «r  congruanca  far  aaeh  factor  r la  than  tha  ratio  of  tha  tim 
of  aqoarao  of  tha  diffarencaa  batwaan  loadlaga  for  tha  ta'ata  on  tha 
factor  la  tito  tvo  atudles  and  tha  sia  of  a^uaras  of  tha  aua  of  loadlnd* 
for  tha  taota  on  tha  factor  In  tha  tvo  atudlaa. 

It  is  to  ha  notal  that  tha  cloaaat  agraanant  hatvaan  factors 
In  tha  tao  stadiaa,  and  thus  naxiaun  ecngruanca^  oeeura  vhan  tha  Indax 
of  caagmiamemt  g^>l8  a mlninua.  A coafflclant  of  congruanca,  0^  for 
aach  factor  la  Savalopad  In  Appendix  B: 


Tha  ralatlon  hatvaan  and  0^  vac  found  to  ha 


■ Sr* 


X • 0^ 
1*0^ 
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Tha  coafflclant  of  congruencoi  0^,  has  adwllar  properties  to  a coefficient 
of  corrolatloQ  approaching  a aaxlniuia  of  nnltj  for  tha  aost  precise  congfuanca 
end  a Icvar  Halt  of  taro  for  the  least  praciea  congruence. 


Tahla  t gives  the  factor  loadings  of  the  overlap  tests  In  the  tvo 
studies  In  tha  axasiple  for  the  six  factors  c<irre spending  to  the  six  aexliM 
of  the  coefficient  of  congruence.  Inspection  of  the  loadings  on  factor  B 
roTsals  onlj-  eaall  differences  botvoon  the  tvo  studies.  The  poafflclont  of 
congruence,  0^,  for  factor  B Is  -999934  while  the  Index  for  oongruonoo,  g^, 

Is  -OGvXXS,  Sigh  congruence  nlso  occurs  for  factors  A,  D,  and  B.  ,The 
coiigmenca  for  factor  C is  modarately  high  but  distinctly  below  that  for  thoea 
noted  atove.  The  congnjonce  for  factor  F is  definitely  lav  so  that  this 
factor  viU  not  be  considered  as  a congruent  factor.  The  congruent  opfioe 
between  the  fe»o  etudles  io  therefore  uefinou.  by  the  flvo  factors  A-B. 


Tabla  5 gives  tha  tranaformatlon  ciatrlces  a:;d  used  In 

rotation  fress  the  reference  axes  of  , and  F_,_  of  Table  3 to  the  congruent 

JsiA  JMB 

factors  of  Tnlila  4 by  equations  B.IA,  and  B.IB.  The  columns  of  these  trwis- 
forrations  hare  been  detennined  so  as  to  maxiinlzo  the  coofflclenta  of 
congrjecce  (cr^  it  may  bo  stated,  to  minimize  the  indices  of  congruence). 

Once  the  reference  fi’aae  of  congruent  factors  has  been  dotennlnod,  Joint 
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roUtiOM  irithin  th«.  ooo^nMnt  apM*  ar*  po«iibl«»  fhM*  rotated  flMtora 
will  j»«o  ooefflolont*  of  ocogniOoeo.  Appendix  B glvoe  the 
■ethewticel  detelopoMuit  of  the  eolutioa  and  Appendix  C glTeB  the 
ooaptttatloo^  preceduraa. 


3h  the  exeaple  there  la  a fire  diaenaionai  oongruent  apace.  8ti^  A 
haa  alx  ihotors  which  leaves  one  dlaenslon  r.ot  lnelud«d  In  the  congruent 
apace.  Sable  6 glYee  the  dlrecti<)tt  cosines  for  the  dlaenslon  In  this  study 
vhlch  la  ucKsorrelated  with  the  congruent  apace,  tfhia  dlnenalon  constlttttea 
the  Study  A nm-coogruent  apace.  Study  B has  a aeren  dlasnslonal  non-congriieht 
space.  The  axes  given  in  this  apace  are  autuallj  orthogonal  and>  aa  a set; 
orthogonal  to  the  congruent  space.  In  general,  it  would  '^e  expected  that 
only  a portion  of  the  apace  in  each  of  a pair  of  studies  would  be  congruent, 
leaving  a remainder  of  the  epace  In  each  study  non-eongruent  with  the  other 
' study.  This  situation  can  ariee  from. each  study  Involving  ae  a cosmon  factor 
Boce  mental  function  not  included  in  the  ootenon  factor  epace  of  the  other 
study.  A ascend  pooelbillty  Is  that  the  eama  factor  night  bo  ln\olved  in 
both  etudlea,  but  the  overlap  testa  la  the  two  stxidlas  would  not  Include 
teste  adequately  leaded  with  this  factor  to  establieh  the  oongruonoo. 


C . . Meaning  of  'nn  Obsorvsd  Congruence 


A basic  aaauaptlon  underlies  the  general  attenpt  to  coalesce 
raeulte  fr<Ki  cevei-al  factor  onaly^als  studios.  This  aseuEptlon  is:  If  a 
nontax  function  is  reproeonted  by  a factor  in  each  of  oeveral  etudlea,  the 
factor  Icadlaga  of  tho  tests  should  ba  tho  eawe  In  these  studies.  The 
invarianco  of  factor  loodlr.ga,  then,  bocoseo  n neceeaory  condition  for 
idsutity  of  faevora  In  two  studlea.  It  has  baon  found,  however,  to  be 
both  reaseuable  and  n<iceoeary  to  qualify  this  condition  when  there  is 
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. -ial  functions  underlying 


differences  In  teet  perforcancea  vlthin  the  group'  of  people  on  which  tho 
factorial  atudlas  are  based.  Even  so,  tho  Invai'ianco  of  factor  loadings 
rersalns  aa  a basic  pricciplo,  Congruont  factors  between  two  studies 
satisfy  the  nscaeaery  condition  of  invariance  of  factor  loadings.  These 
two  factors  xay  re^^sent  tho  Bawe  nenbai  function. 
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B«fore  concluding,  hovuvar,  that  congruent  Tactore  alvajre’ 
geETeaeat  the  aaoe  aiental  function  In  two  atudles,  It  1«  li^ortant  to  - 
ask  lAetlier  factorial  Invarlonce  Is  a sufficient  condition^  IThe  answer 
Is  no,  lararlance  of  factor  loadings  la  not  a sufficient  condition  to 
identity  of  mental  functions.  Consider,  for  example,  a test  o<»t^aad  of 
vertelljr  stated  computation  problems.  This  test,  In  a cooprehenslra  study, 
al^t  kswe  loadings  on  a verbal  factor  and  a computation  factor.  Supi^se 
that  t&ls  teat  is  common  to  two  smaller  studies  and  la  ths  only  overlap 
test  la  the  verbal  and  computation  domains.  Suppose,  further,  that  in 
Study  A there  are  several  othor  verbal  teats  but  no  other  computation 
testa,  and  that  In  Study  B the  reverse  la  true,  there  are  other  computation 
testa  bat  no  verbal  testa.  In  Study  A the  common  factor  space  will  include 
the  verbal  factor  but  not  the  e<miputatlon  factor.  The  reverse  will  be  true 
cor  Study  B for  which  the  common  factor  space  will  Include  the  computation 
factor  bst  not  the  verbal  factor.  Bemember  that  our  verbally  stated 
conpntitis  test  had  loadings  on  both  of  these  factor's  but  vaa  the  only  overlap 
test  la  t&esa  domains  between  ths  two  studies.  In  this  situation  it  would 
asjpaar  that  the  verbal  factor  of  Study  A, was  congruent  with  ths  ccmiputatlon 
factor  of  Study  B.  The  mental  functions,  however,  would  not  bo  Identical. 
Whila  this  example  may  aecn  extreme,  It  demonotrates  the  proposition  that 
invarlanese  of  factor  loadings  for  a limited  set  of  tests  Is  not  a sufficient 
condltloa  for  Identity  of  factors  between  two  studies.  A number  of  other 
aituatloaa  may  also  lead  to  congruence  of  factors  without  Identity  of  mental 
functloca. 

Tbo  congjuenoo  of  factors  Is,  then,  a necessary  but  not  a 
sufficient  -oondJtlon  for  Identity  of  factors  between  two  studies.  The 

to  identity  of  factors,  one  can  place  on  an  observed  ccngsuence 
of  fact-ira  between  two  studies  depends  on  the  extent  of  data  on  which  the 
congtuocce  la  baaed.  If  the  overlap  toots  la  two  studies  are  few  In 
number  and  of  limited  variety  for  each  mental  function,  very  little  confidence 
as  to  identity  of  factors  can  bo  placed  on  an  observed  congraence.  In  the 
sxampla  there  are  only  ten  overlap  tests  while  there  are  six  cesmson  factors 
and  twolrs  enssson  factors  In  the  two  studies.  If  the  tea  testa  covered  a 
ten  diiwjnaicrial  aub-spece  out  of  the  twelve  dimensions  of  Study  B,  perfect 
congruence  would  be  foiand  fer  all  six  factors  in  Study  A.  Mathematics 
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l-.idieatoc  this  would  tw  noossii&rll/  tru«>  SuppoM,  •v«ii|  that  tha  tan  taata 
ii«ra  not  Idantloal  hatwaan  tha  two  atudlaa  hut  wara  artifiolally  natohad. 
Tarfaot  Idantity  of  factor  loadinga  atlU  oould  hava  haan  ohtalnad.  iTba  < 

eongrnant  faotora  would  ha  artlflolal*. 

fit  ordar  to  avoid  thia  situation^  in  ao  far  aa  poaalhla  in  tha 
■athod  for  obtaining  ooogruant  faotorai  tha  principal  axaa  for  tha  overlap 
taata  ara  found  in  each  atudjr  aapamtaljr  and  sinor  axas  ara  alialnatad  until 
tha  diaanaicnalitlas  ara  raducad  aomawhat  halow  tha  nunhar  of  overlap  taata. 
Iba  axtaot  that  thia  ia  poaaibla  dapanda  on  tha  sat-up  of  tha  two  atudiae 
and  oholca  of  overlap  taata.  In  the  illustration^  the  dlisanslonalitias 
ttBed,wara  aix  and  eight  principal  axes  in  tha  two  studies.  tThis  repreaantad 
n'  reduction  for  Studp  A and  a aodarata  one  for  Stud/  B.  Artificial 
congruence  will  still  ha  a najor  pro’»lao  in  interpretation  of  the  results. 

Several  rotations  of  axas  within  tha  congruent  space  ware  tried 
in  order  to  find  what  dimensions  night  ha  more  strongl/  dateminad  than 
other  diiaensions.  ITebla  7 gives  the  resulting  factor  loadings.  Table  6 
gives  tha  corresponding  transfomations  froo  tbs  reference  axas.  Loadings 
bstveen  .1^  and  .2^  have  been  singl/  underlined^  loadinga  of  or  nora 
hare  been  doubl/  underlined.  Factors  d and  e have  onl/  one  test  each  with 
undorllnas.  In  consequence  very  little  confidence  can  be  placed  In  the 
Eiear-lng  of  tha  congruence  of  these  factors  between  the  two  atudlse.  Factors 
a end  b esch  have  four  tests  with  underlines  and  much  more  confidence  can  be 
placed  in  their  congruence.  Factor  o occupies  an  intermediate  position. 

Ao  a result  of  our  Judgrente  of  confidence  in  an  observed  coaigruonce,  iOtao 
at  the  observed  congnient  factors  in  which  we  havo  low  confidence  can  be 
reclassified  to  the  non-Congruent  space.  Factors  d and  a might  be  so 
transferrsd.  The  remaining  factors,  then,  oonetltuto  the  space  on  which 
com'ldenca  of  the  mean 'mg  of  the  cor^naonco  can  bo  placed,  TabJe  9 prscent-s 
the  factor  loadings  of  tho  non-overlap  teats  in  the  two  studies  oa  factors 
a,  b,  and  c.  Thaoe  loadinga  and  those  of  Iho  overlap  tests  may  be  inspected 
for  Interpretation  of  the  two  studies  comyirna. 

VTaenever  etiong  Indications  of  identity  of  factors  is  desired  by 
tho  use  of  orerlop  tests,  ws  Kiay  conclude,  it  is  nocesenry  to  Include  in  tho 
study  plana  provision  for  an  adequate  number  of  overlap  tests.  These  tests 
eljoiild  be  varied  as  to  form  while  dopandlng  on  the  same  factors.  Several 
perallol  forsis  of  each  of  a few  teats  will,  not  be  an  improvemant  over 
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ineludlng  onljr  <»w  tom  of  oaoh  toot.  (Thao*  pandlel  fo»«  vlU  not  .prorid*  - 
dlstlnotlvo  data  on  vhleh  to  taM  oonfldanea  In  an  obatrvad  oongruanoa. 
Bulcalljr  > than>  oonf  Idanoe  In  obaervad  alalXaritloa  batwaan  raaulta  of  two  . 
atudiaa  dapando  on  adaquata  axpariaaottkl  daalffi.  Matboda  of  analjwla  oan 
than  ba  of  aaaiatanoa. 
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(OuiisioiMmoi  TO  cmman  motors 
mm  A 
Mutrlx  T_. 


Reference 

Factors 

A 

Congruent  Factors 
BCD 

- - 

F» 

1 

MQ6 

.1156  -.2175 

-.0188 

.0372 

-.1249 

11 

.3765 

.0629  *31(00 

-.0972 

.3290 

.1473 

111 

-.5678 

.7978  .1197 

.1(222 

-.8345 

.6199 

ir 

-.0015 

r.l(3l(9  .5502 

.2500 

.2159 

-.5081 

Y 

.011*8 

-.5283  .01(56 

-.1(994 

-.4410 

(3549 

Yl 

-.11190 

-.2634  -.5835 

.7162 

.3301 

.3955 

1':^  I 

fc  ^ I 


STUDY  B 
Matrix  0^3 


Reference 

Factors 

A 

, Congruent  Factors 
BCD 

j E 

F# 

I 

.1584 

-.0729 

-.6544 

-.0656 

-.0529 

.*3057 

II 

.1545 

-.1961 

.1053 

-.1769 

.1405 

-.1439 

in 

-1594 

.1217 

-.2053 

.C8i6 

-.1206 

.6394 

IV 

.1097 

-.3825 

.1'395 

-.3203 

-.1741 

.1678 

V 

.3365 

-.3780 

.0097 

.0739 

.6545 

.1293 

VI 

.6015 

.5972 

.6999 

-.1570 

.0429 

-.0269 

VII 

-.1792 

.0149 

-.1203 

.1086 

-.1020 

.1910 

YIII 

.3478 

-.1368 

-.2657 

-.1773 

.1952 

-.0268 

IX 

-.1983 

-.2664 

.0524 

.5074 

.0942 

-.2988 

X 

-.1803 

.1450 

.3523 

.4671 

-.1605 

-.5283 

XI 

-.3897 

.4oo4 

-.0523 

.3650 

-.4435 

.1459 

XII 

-.4391 

.0301 

-.1371 

.4019 

-,2581 

.2066 

^Conyruer.t  factor  F had  such  a low  coefficient  of  congruence 
that  it  was  oliralnated  from  the  congruent  space. 
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Dsacnoii  cosmss  or  iioH>ooRORUBfc  rAcroBS 

STUDY  A 

Matrix  A^ 


Reference 

Fsotof 


Hon-CoTwruent  Factor 


-.0827 

.7591 

.1610 

-.1653 

.1*628 

,3865 


STUDY  B 
Matrix  A»-, 


f 

i 

\ 

Rcferecco 
.F^ctora  . 

1 

Koa-Congruent  Factors 
a 3-4  5 

.6 

t 

1 

I 

-.001*3 

-.0592  -.0244 

-.0399 

-.1537 

-.2042 

-.4464 

1 

11 

.1O9O 

-.2534  .83.53 

-.2423 

-.1728 

.0619 

-.1633 

1 

III 

-.5S2l* 

-.0476  .2507 

-.3179 

.6857 

0 

0 

17 

-.02c43 

-.1110  -.3,946 

.0522 

.3070 

.IS7I 

-.0515 

j 

V 

.1235 

-.4013  -.2307 

.0494 

.£892 

.2273 

-.1741 

VI 

.1315 

.1839-  .C8l3 

.0457 

.;2250 

.0289 

— .160O 

5 

VII 

-.C0c4 

-.0644  . 3262 

.8?U 

.2215 

-.0776 

-.0782 

YIII 

,OS6l 

.0407  *1576 

.0511 

.0332 

.1205 

.8075 

IX 

-.2141 

.5799  .3955 

-.0095 

-.0542 

.2317 

-.1003 

1 

S 

-.24S5 

-.4920  -.0263 

-,C1^ 

-.1359 

-.4636 

.2105 

1 

XI 

.066a 

-.3271  -.C2S-3 

,occ6 

-.1280 

.7266 

0 

t 

XII 

,T2o2 

.0981  .0179 

-.1658 

.5907 

-.2254 

.0424 

»jX  A-'A*  ' rv*  . 7,  ^ A*  » . - 
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& f. 
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OTABSroattTlOll  TO  KfflAT®  CCaKfflUBlBf  f ACTOM 
FROM  REFERZHCI  FACTCOfi 


RefertBce 

lUctcrt 


STUDY  A Matrix  *-aA 

Botated  Coognufut  FaotoM 
• 'bed* 

.4568  -.0732  -.0863  -.0342  -.0173 

-.2005  -.0435  .0441  -.1374  .49^ 

-.3343  -.1220  -.0751  .9301  ^.4^ 

-.6100  .5790  .2769  .0906  .5285 

.1048  -*3297  .7422  -.0567  -.3316 

.2558  .7&9  -.6453  -.0184  -.1750 


STUDY  B Matrix 


Re£erf«ce 

Rotated  Congruent  Faotore 

Fewtore 

• 

b 

e 

a 

I 

.7558 

-.1017 

-.2149 

-.1783 

II 

-.0272 

-.0270 

.1768 

-.1925 

HI 

.1374 

-.0370 

-.1681 

.0799 

IT 

.0210 

-.0886 

.5565 

-.1060 

Y 

.01^66 

.3592 

-.2186 

-.4190 

VI 

-.4292 

-.3465 

.2638 

.2205 

vn 

.0395 

,0603 

-.0935 

.0830 

vm 

.Jfi56 

-.0925 

-.0560 

-.3056 

IX 

-.2188 

.6453 

-.1669 

.2038 

av 

-.4600 

.3954 

-.(^00 

.4952 

H 

-.1090 

.06c^^ 

-.1797 

.5536 

XU 

-.0799 

.5062 

-.1689 

.3479 

-.4411 

.1504 

-.2273 

-.0779 

.4706 

,6306 

-.1629 

-.0216 

.1270 

.1780 

-.3135 

-.2725 
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Mac  9 

lOADuns  or  Kos^omtiAP  ibsts  or  nomio  ooHomoarc  nu:^ 


8SUDX  A 

MMsa 

IiOAdlngt  on  ItotnteA 
Test  Code  Congruent  Ikctcvs 


Ruabera 

-^--- 

b 

0 

1 

.2836 

.^3 

-.1605 

3 

-.0337 

-.0165 

.0585 

10 

.05(45 

.0316 

-.1694 

Z 

.0047 

-.1056 

-.0417 

6 

.0516 

.067a 

-.1755 

7 

.0612 

-.0620 

.0067 

8 

-.0730 

.0046 

-.0341 

BSODtB 


losdl^  en  ll^teA 
Test  Code  Cont^u^:  Ihctdn- 

Nwdiers  • t a; 


e 

.1115 

-ilS5S 

— •1^^4 

3 

.547a 

-.0559 

.0^5 

4 

.3123 

.0809 

-.0355 

5 

-.1302 

-.0865 

.8519 

6 

.2100 

-ili4l 

-iiiia 

7 

-.0406 

,04^ 

-.0695 

8 

.3794 

^0124 

-il869 

9 

.4738 

-.0378 

—0925 

10 

.«s69 

iOS15 

.0026 

11' 

-.0461 

.10^ 

...0092 

12 

-.0676 

-.0875 

i0650 

13 

.4295 

.0657 

-.0264  ■ 

14 

.5587 

i036l 

-.1263 

15 

,2163 

.0607 

.1397 

16 

.0024 

.2867 

,034a 

17 

,0835 

,0662- 

.son 

18 

-,o4l8 

.2174 

i2l^5 

19 

.0562 

.2791 

-.1138 

20 

,0406 

.0655 

-.ce9i 

21 

.0349 

,2509 

-.1105 

24 

.1714 

.0975 

-.0994 

25 

•.6729 

.0077 

29 

.0179 

.1937 

.1495 

31 

.0528 

-,0166 

.0357 

55 

.2651 

-.0655 

.om 

36 

.0382 

.0422 

.0007 

37 

-.0716 

-.0548 

.5249 

38 

-.1311 

.1797 

.1005 

39 

.05^ 

-.0539 

.2909 

40 

.2435 

.1254 

-.1043 

4l 

.1107 

-.0617 

-.1615 

42 

-.0551 

-,0563 

-.2128 

43 

.1468 

,0328 

.0594 

44 

-.0759 

.0278 

-.2053 

^ 


i 
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fEBconr  or  mTnu  motor  Aiuo^icBra 

factor  atialytla  tea  baca  davalopad  tulag  • raatrletira  dafinltlm  • 
eoncaroing  ^ unit  of  aeMureacnt  for  each  variablaf  ba  it  a taat  or  a 
factor^  aueb  that  unit  variaaoa  la  obtained  for  tba  group^  of  paoi4*  on  atom 
the  atuly  la  based,  iha  initial  aqm^^  vesting  taat  ae(»<«a  to  factor 
Xoadlnga  and  factor  aeoraa  ia  eoBKonly  written  in  taraa  of  atandard  acorca 
tot  tcata  and  faetora.  Xha  unita  of  neaauracteut  ara  traatad  aa  ''floating''^ 
taking  auch  valuea  aa  yiald  unit  teat  or  factor  variancea  for  tba  grovp 
coueemed.  It  ia  the  pjurpoae  of  tbeae  notea  to  derive  the  iiaooty  of  nilti]^ 
factor  aoalyale  vhen  the  variances  ara  peroitted  to  teve  any  valuea,  tiius 
pcradtting  the  units  of  Bteaaurei^nt  to  be  otbervise  defined.  'SiiM  It  a 
necessary  step  vhen  aeveral  groupa  of  people  &r«  used  for  different  factor 
amlyses  of  the  teste,  since  these  different  groups  are  likely  to  have 
different  variances  of  scores  vben  the  units  of  n^asuressat  of  the  variables 
are  held  constant  for  the  several  grov^. 

1.  General  Factorial  Feuntlou  for  CovarlaaosB. 

F^ujation  A.1  la  the  vsunl  initial  linear  equation  used  in  fsetor 
at^lyaia.  In  it  and  eubac5,uent  e<imtioa3,  capital  letters  are  uaed  to  dcelgaste 
catrloes,  and  Icifor  case  letters  arc  used  to  doaiguste  cell  entries  la  the 
corresponding  satrlces,  Subscrinte  nre  attached  both  to  mtrlx  designations 
and  to  cell  entry  Scaign^tlona  for  convsul^nco  la  keeping  tsxick  of  the  varlsbles 
iurclvsd.  Ftextlcvslar  ectetieu  uecA  in  this  aaotioa  is  as  fcllowi: 

N « nusdjcr  of  poopla  ia  the  group, 

X * siatrls  of  Bcoreii, 

C » catria  of  vari&cots  and  cover ianc os, 

F - astrla:  of  t&otov  Icadinga, 
i m 6ub3crlpt  dssigimtlng  individ^s&l  psrson, 

J tiUu  « iva  ax^cX'Daua  J&il  Ci  oiiaSOiipv^  ;^CSVIS,  OKiU 

p and  4 - na  alternate  pair  at  nubscripta  designating  factors. 


Eavstlcu  A.l  is  than} 


Shea*  acore*  *r*  deviation  aeore*«  tut  no  roatrietlon  S*  jlaead  on  ttelr 
vnrlaaeee.  Sh*  reetrietlon  of  devintlon  eeorea  is  of  ar  laportene*  sine*  . 
corrections  for  assas  on  tb*  ftetor  scores  leads  to  correction  for  Mane 
of  the  test  scores  vitbout  reQaiflng  a change  la  the  factor  aatrlx.  As 
a cMseausBC*  ye  shall  ignore  any  difference  in  Mans  hetveen  grotqps^ 
assvodng  that  yithin-group  deviation  scores  are  used  in  all  oases*  (Shis 
action  yould  not  he  earranted  if  groups  ver*  to  he  coohinedO 

Eat»tion  A.2  and  A.S  ar*  the  usual  ones  for  tables  of  variances  and  cpvariaheest 


«jk  - > 


V4i 


Vhen  equation  A«1  is  substituted  into  equation  A.2f 

S • <i/^>'4pW4a  <' 

Dlisiuatlng  the  fhctor-ecore  satrlces  of  equation  A.V  by  noting  that  the 
right-band  side  of  equation  A.S  Is  Involved  in  equation  A.k, 


V - Wk 


Equation  A.?  Is  the  general  factorial  equation  for  coyariances. 


I - 


2,  Tranel’onoatlon  of  gectors. 

In  this  flection  m inductive  process  in  ■which  it  Ig  aseuasd  that 
tjcarnforwatlons  are  possible  eeers  appropriate,  and  the  proof  conslflte  of 
a Aevonsti'atlon  that  this  aasurmbion  yleldn  consistent'  resul'ts. 

Let  be  any  square  satrlr  of  an  order  eoufil  to  the  number  of 

facto’rfl  and  for  vhich  an  Inverse  axicts.  It  is  our  acourjptloa  that  this  satrlx 
can  transfora  one  factorial  sati'Ix,  vlth  factors  jg  (elterrate  subscript  5),  Into 
another  factorial  Katrlx,  yith  factor*  r (alternate  of  subscript  c_),  by  equation 
A.60. 

F.  ■ P,  T (A.6a 

Jr  pr  , 
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Subatltutlon  of  o^uatloa  A.6b  into  oquatloa  A.l  Fioldot 


*ji  ■ V^^pi 


let  the  following  deflxiition  of  tranofometion  of  eooree  Im  Mdet 


»r»  ■ • 


V ■ Vrl  ■ 

X(j[uatlon  A <7  then  hecooee: 


*41  “ *4r*rl  * 


X^uatlon  A. 9 reproduces  equation  A.l  with  feotore  r replacing  fAotore  p« 
Equation  A. 5 can  he  laawdiatedly  rs-wrltton  for  factors  rt 


®4l£  ■ ®'jr®rB^ka  * 


(A.IO 


Similarity  of  equation  A.3b  to  equation  A.9,  if  matrli  is  considered, 
to  bo  a factorial  matrix  for  faoters  jj  In  terns  of  factors  r,  permits  equation 
A.IO  to  bo  re -written. 


C » T C T*  , 

pq  pr-ra  qc 

C « T"^C  . 

rs  pr  pq  qs  * 


(A.llb 


(A.lla 


(The  flrat  of  thoee  equations  la  labeled  A.llb  and  ths  eacond  A.lla  so 
as  to  bo  ccnslstont  with  equations  A, 6 end  A. 8.  The  a equations  relate 
factors  V to  factors  j and  the  b equations  relate  factors  £ to  factors 
r.)  fiubBtitution  of  equation  A.lla  Into  equation  A.IO  yields: 

C„  ■ F,  T'^C  T'"V'  (a. 12 

Jk  4r  pr  ixi  qs  ke  ' 

Noting  that  the  first  two  matrices  on  the  right  of  eqmtlon  A. 12 

roproAuoa  ths  right-hand  side  of  equation  A. 6b  and  that  *tho  Itiot  two  lastricee 


of  tq[uation  A.12  are  the  tranapoao  of  tha  rlgl^t-hand  aida  of  aquation 
A.6b|  tha  oorraspondlng  aubatltutiona  ylald  aquation  A,%  Thua  tha 
ajrataa  la  Intamalljr  eonalatant  and  tha  tranafonaatlon  of  faotora  la 
poaalhlo^ 

Slnea  ^ara  ara  an  Inflnltal/  larga  nuabar  of  aatrloaa  irhlob 
aatlaff  tha  raetrlotlona  that  thajr  are  of  tha  order  equal,  to  tha  nuflbar  of 
factors  and  poaaaaa  an  Invaraa^  there  are  aa  nany  poaalbla  aata  of  factora 
vfaloh  aatlafy  aquation  A.%  or  AilO.  Ihla  la  the  aaaa  problaa  aa  anooimtarad  J 
In  tha  nonsal  factor  analyala  of  correlational  and  the  solution  propoMd  hy  1 
Thuratonai  that  tranafonnatlon  be  to  a atmpla  atruoturei  la  appropriate  for 
tha  factor  analyals  of  oorarlancaa.  Actually,  factor  analysis  of  eorralatioa  i 
la  a special  case  of  factor  analysis  of  oovarlanoas  In  vhloh  tha  additional  j 
definition  is  Imposed  that  tha  Tarianoas  (diagonal  entries  In  tha  C natarlces)  d 
be  unity.  Ixlstenca  of  a'  alapls  structure,  houaTar,  will  not  ccaaplataly  solve  i 
tha  prohlen  for  factcT  analysis  of  covariances.  There  remains  a problan  of  ^ 
obangas  In  tha  size  of  the  units  of  uaasuremant  for  the  faotora.  j 

Let  there  be  a change  In  size  of  unit  of  osasurement  from  factora  ^ 
r to  factors  B,  This  results  In  a proportional  change  of  all  scoros  on  each  ; 
factor.  Equation  A.13  accompllehes  these  proportional  chacgee  where  the  ^ 
diagonal  entries  In  are  the  conetante  of  proportionally.  •; 

'rl-Vsl  • <*■“ 

In  order  to  slmplliy  the  algobra,  the  scores  on  factors  r were  considered 
as  propci'tlonal  to  the  scores  on  factors  B.  Equation  A.13  Is  similar  to 
equation  A. 8b,  In  that  in  A.13  factora  r are  being  transformed  to  factors  | 

B by  the  matrix  D „ Just  as  factors  p wore  transformed  to  factora  r by  Ihe  \ 

M mm  ^ 

matrix  T In  equation  A.S.  Equation  A. 6a  is  then  ro»writtoni  ] 


(A.14 


In  this  case,  than,  the  oolunme  of  faotor  loadings  on  factors  B are  ! 

proportional  to  the  loadings  on  factors  r.  The  configuration  of  zero  3 

factor  leadings  Is  unchanged  by  this  transfoxaatlon  and  the  simple-  i 

structure  reroalne.  Equation  A.Ua  may  ho  ra-wrltten.  ] 

] 

\ 
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SlnM  th«  faotom  are  not  diraotl/  obs»md>  no  axjtrloantalljr 
detarolned  eat  of  unite  of  naaauraMnt  axlata*  ttie  poaaa  a dllaana,  for 
any  eat  oem  ba  used  and  the  alapla  atruotura  will  ranain.  for  any  ain^ 
faotor  analyala  the  factor  \mlta  of  naaauraaant  oan  be  left  as  unlmown  and. 
a restriction  placed  on  the  Tari^u»ao  of  the  faotor  acoraa#  Thus  the 
diagonal  entires  in  the  oovarianoa  uatrlx  can  ba  defined  aa  aoua  - 
constant  such  as  unity.  When  seTeral  factor  analyses  on  different 
groups  axo  being  conalderedj  this  slmplo  solution  la  inappropriate*  for 
the  resulting  units  of  neasurexnant  nay  ba  of  different  aizas  for  the 
several  groups. 

5.  Tranaforgatlon  of  Testa 

Two  types  of  trano  format  Iona  of  the  tests  are  of  Intereat. 

Xn  theory*  the  type  in  which  weighted  Bums  of  the  tests  are  tahen  as  new 
variables  is  the  moi’S  genaral  and  includes  as  a opeclal  case  the  second 
typo  in  which  the  units  of  maasuremsnt  of  the  ts.«ts  are  changed  so  aa  to 
change  the  scores  proportionally.  Lot  it  bo  des’ired  to  obtain  variables 
h fron  testa  J by  a weighting  matrix  in  accordance  with  the  eijiwtlon: 


"hi 


- 


If  equation  A.l  le  pre-Ksultlplled  by 


W., 


b/ji 


W,  .F,  X . . 

h,3  Jp  pi 


(a.i6 


(A.17 


The  right-hand  side  of  this  equation  oan  be  simplified  by  the  following 
def  nitlon: 


F, 


bp 


’^h/jp- 


(A.  18 


When  equations  A.l6  and  A.l3  are  aubstitxited  into  equalloii  A17i 


(A.19 


X.  ■ = F.  X . 
hi  hp  pi 


■'?  i'’-  -^’•''■vC- 


,.  -:t 

1 . Ji>,  - 


Iquatlon  A.19  i*  •lallar  to  oquatloa  A. I and. all  of  tho  derlvatlooa  of 
aaotiona  1 and  -2  apply  to  tho' -variables  b.  It  Is  to  bs  netted  that  tbsrs 
vas  no  change  In  the  factors  or  factor  scores* 

If  a changs’-ls  to  bw  oads  in  ths  units  of  aeasureatent  of  tbs 
testa  so  that  teat  becaiss  teat  the  vel^t  aatrlx  of  et^uation  A*l6 
bocoosB  a diagonal  matrix  so  that  the  acorsa  on  each  teat  are  changed 
proportlonaligr.  The  weight  matrix  can  be  designated  by  for  this  caas. 
Then,  if  the  aubserl'pt  J is  aubatituted  for  h and  the  Mtrix  is 
substituted  for  equations  A.i6-A.19  give  ths  relations  for  ths  tssts 
with  new  units  of  taeasurenent.  A result  of  this  Is  that  the  analysis  may 
bo  carried  through  with  one  set  of  units  for  ths  tests  and  the  factor 
matrix  can  bs  -transfonied  for  a new  set  of  units.  For  sales  of  later 
con-ranlenoe  equation  A.  18  is  rs-written  with  the  necessary  changes  indicated 
above : 

% ■ Wjp-  '*•“ 


In  this  section  it  is  assumed  that  the  same  battery  of  tests 
and  set  of  factors  are  Involved  for  two  or  more  groups.  Equation  A.l 
is  assused  to  hold  for  each  grbup  Individually.  It  is  relatively  obvious 
that  wlthln-group  means  scoi'es  con  be  ignored  provided  that  the  groups 
ere  not  to  bo  c<3nbln'5d.  Deviation  scores  within  each  group  can  be 
cbtalnod  without  cl>ansing  the  factorial  matrix,  and  therefore  wilD.  bs 
used.  Lot  there  be  two  groups,  A and  B.  Equation  A.l  then  expands  to; 


* <1A  “ ^ix^riA* 


(A.21A 


(A.21B 


(Capl-tei  lett'ire  are  weed  at  the  end  of  equation  ni»ibora  -ho  Indlcato  -fchs 
rr.'miTiq^  nv*  which  the  ccuctlon  auplics.)  It  is  assured  that  the 

groups  are  GufflclontJy  s±3llar  that  tho  ffiotcrial  natui-e  of  the  tests 
remain  ixaaltered.  If  this  is  true,  then  for  any  parcicular  individual 
it  should  not  auttsi*  within  which  group  ho  is  oonoidered  so  far  as  -the 
factorial  equation  fer  hie  aoorea  is  conoeinsd.  Tha  factorial  oquatloaa 


SLlirft&'fj. 


;‘..v  .’jSTA:-*  1 

j}'-  - 


>1 


,ihould  thftrafore  b»  psrall6l>vlth  th»  same  factor  aatrlx  7^  as  ahom 
in  oqurttion  A.  21.  Th«  patrleaa  ^rlA*  *“*■ 

with  raepact  to  which  paopla  ara  Included  In  the  groups  A and  B.  By 
equation  A.?: 

V - VWka»  (A-22A 


°JlcB  “ ^^Jr^rsB^ka* 


(A.22B 


An  Implicit  assumption  in  aquation  A.Bl  and  A.22  la  that  a 
single  unit  of  measureaent  exists  for  each  factor  and  la  conaon  for  tba 
two  groups.  As  previously  noted,  the  unit  of  Baasuremsnt  cannot  be 
observed  for  factors.  Consequently  it  Is  necessary  to  derive  the  relatioi» 
batwean  factor  natrlcss  for  the  two  gi'oups  when  ths  group  factor  varlancaa 
ai'a  defined  to  be  suss  constant.  Employing  the  tranafonsations  of  equations 
A.  15 -A.  15  and  noting  that  the  usatricea  are  particular  to  the  groupa; 


*BU  “ \hA  *rlA* 


(A.25A 


^3  “ ®rR3^: 


rR3  riB  ' 


(A.25B 


^J8A  ° ^Jr^rRA  ’ 


(A.24A 


*'jKB  * *'jr®rRB  ' 

’ \vJpTtiJ? aSA  ’ 


(A.243 


(A.25A 


“ ®rR3'^ra3®i^B  * 


(A.25B 


It  is  to  ta  noted  in  oquctloiis  A. 24  that  the  factoi-  isatrlcea 
for  ffictoro  H nou  hhfa  a subscript  doBlgoatlng  fjroup.  TOisn  j^uatlons  A. 24 
are  solved  siaultansoasly  00  as  to  eiLminate 


It  is  possltls  to  contlas  ths  two  diagonal  aatrloaa  l>]r  dsflnlagt 

‘‘•'T  . 

Than 

Xhus  ths  two  factor  oatrlcsa  ars  proportional  hr  coluans.  It  Is  of . 
Interest  that  the  diagonal  entries  In  ars.  ths  ratios  of  tbs  sarlanesa 
on  factors  r for  group  B to  those  for  grtmp  A. 

Even  though  the  covariance  satrlces  bavs  tiM 

same  diagonal  7alues>  the  off>dlagonal  entriss  will  differ  due  to 
sampling  effects,  either  from  random  sampling  or  seldctlvs  sanpUi^. 

If,  as  might  he  usual,  the  factor  variances  were  to  be  defined  os  tmitj, 
these  covariance  matrices  voiild  becaae  the  correlation  matricaa  bstvesn 
the  factors  for  the  two  different  groups,  o'nder  the  assumption  -Qsat  the 
factors  have  seme  reality  (which  la  naeeasar;  for  any  of  this  darsloitiient 
and  any  hope  that  the  aame  factors  are  operative  for  the  two  groups),  it 
would  he  expected  that  the  correlation  matrices  for  the  two  groups  would 
differ. 


imns  or  MmiMtM  soLorioit  roR  index  or  concanancx 


Tn  equation  IV.S  the  foxnula  for  the  index  of  congruence  for 
each  factor  vae  glren  as: 


8r 


5 ^^JrA  ' 

f ^^JrA  * 


(ir.s 


It  la  dealred  to  datemlna  the  faotore  ao  aa  to  alnlalte  g^. 

Conalder  that  the  analjraea  for  the  two  atudlea  have  been  factored 
lo  v.ocorreleted  raference  factora  for  the  groupa  InvolTed.  Anjr  set  of 
orthogonal  factora  mj  be  uead  vhather  they  are  the  original  factors  obtained 
or  an  orthogonal  rotation  from  the  original  factors.  let  a represent  the 
reference  factors  for  otudjr  A and  M repraaent  the  reference  factors  for 
study  B.  Then  by  equation  A.6a: 


^JrA  " ^JoA^mrA' 

(3.1A 

^JrB  “ 

(B.IB 

(The  last  letter  of  equation  number  indicates  to  which  study  the  equation 
applies.  When  both  atudiss  are  Involved,  no  letter  will  be  used.)  Writing 
theca  equations  in  eummational  notation: 

^JrA  * m ^JffiA'*^mrA' 

^JrB  * M ^dKaVrS* 


{B.2A 

(3.2B 


When  equation  B.2  are  substituted  into  the  index  of  congruence  in 
equation  IV.3, 


^ ^-SnA^mrA  * h 


(3.3 


•41. 


Inspection  of  •qmtian  B.S  rovsala  that' all  t'a  oaa  he  aultlplleA 
1)7  sons  constant  without  altering  the  value  of  g^.  This  Is  true  heeauae  the 
constant  enters  Into  each  tem  In  a slallar  aatmer^  oan  he  fhetored  out,  and 
then  cancelled  from  nuaerator  and  denominator,  therefore.  It  .la  posalhle  to 
define  a condition  that  the  dewalnator  equals  same  constant  K without  limiting 
the  generallt/  of  the  solution.  The  -equation  giving  this  condition  is 


and  B.S  hecooes 


« J ^i^aVa  * S ^JMB*KrB^*-  K - 0,  (B.k 

®r  " 1 J ‘ ^ ^’jMB^faB^  {B.J 


Using  laOmngs'a  system  of  ;uidetennlned  multipiers,  the  mlnlaua  can  he 
obtained  when 


mrA 


0. 


mrA 


(B.6a 


Subotltutlng  the  Indicated  partial  derlvatlyea  Into  B.6a>  • 

I j ^JaA^orA  " m ^dMB*l4rD^  ^JmA  ^^r  j ^JnA^mrA 

' J 'jhbVb>  *■«  - «•  <"'7* 

When  the  equation  is  expanded,  end  terms  are  regrouped. 


(3.8a 


Writing  this  equation  in  matrix  fora, 

(1  + S’jjpi/wv^arA  “ ^^'^^JmA^dHB^HrB.  (B.9A 


, .ikLS&l 
(1  - 


Define 


(B.lOA 


Then 


I*.1U 

SlaUKrljr,  fltidln((  dvrlntlves  vlth  rdopeot  to  ' 

^IrB 

(Kquatlon  B.UB  can  ba  wrlttan  from  B.llA  by  interchanging  «••  coA 
M«Bi  and  A'a  and  B'e.) 

The  seaning  of  can  be  obtained  by  premultiplyiiig  e^aation 
B.llA  by  vhich  gives” 


’^inrA^J^niA^JMB^MrB  ^ *^r®iarA*'imA*W*^prA‘  CS.IZA 


QUi>8'bili«u^l]^  ^x'Cm  talons  B'eilA  €»x*u  jrlsXils 
^JrA^'jrB  " *^r^JrA^JrA’ 

Writing  equation  B.15  in  susmationel  rotation) 


Ca.lSA 


s f . .f . „ - 0 s r!  . j 

j urA  JrB  '^rj  jrA 


iS.lhA 


^ CB.I5A 

r -pS  ^ 

Slssii^rJy  from  equation  B.llB  it  can  be  shown  that 

d « ) C3J 

’^r  £ f3  ' 

j •JrB 

Kuting  tlist  the  numoratora  of  equations  B.I5A  and  S.i5B  are  equei, 
these  equations  eolvsd  shnultanoously  give 


(3.153 


f ^rA  “ 5 ‘^rB 


{3.16 


ThmtoTB,  tlw  aua  of  aqusroo  of  loadinga  In  ena  stady  on  « eougruant 
factor  ia  aqual  to  tha-aun  of  aq^uaraa  of  Xoadlnea  Is  tli*  other  atudj  on  thia 
factor. 

Xn  order  to  relate  and  equation  ir.S  la  expanded  to 


JriCm 


j * j *JrB  * *j  ^*s(t*Aa 


(B.17 


Sutotltutiona  frcn  e^uatlona  3.19A>  and  B.lS  jrleld. 


1 + d 


(B.ia 


FrOti:  equation  B.  13  It  la  to  be  noted  that  la  a Btnlauae  vfaen  0^  ia  a 
naxlioun. 

of  equation  B.l6>  equation  B.l^  may  be  rewritten: 


(Only  the  positive  range  of  0^  naod  be  conaidazwA.)  filing  use 


^ ^ ^JrA^JrB 


(B.19 


which  Is  slnllar  to  the  fomula  for  the  prcduot-afafent  cwrrslatlon  between 
the  Icsdlnga  on  factor  r for  studies  A and  B.  The  difference  from  ths  equation 
for  a correlation  is  that  no  corrections  are  Kado  in  this  case  for  Beans  of 
ths  factor  leadings.  Thue,  0 Might  be  called  a coefficient  of  conp,ruence. 

This  is  in  contrast  with  being  called  an  Indwz  of  couigruence. 

One  consequsnee  of  equation  B.19  is  that  0^  can  savor  be  greater 
than  ualtj^.  A value  of  unitj  would  Indicate  perfect  cengrseiice  of  the  factor 
in  the  two  studies.  Values  of  0 loss  than  unity  ir-'-lcats  T?arioua  degroos  of 

^ T 

congruence  down  to  no  congruence  at  a value  of  siesTO.  ror  practical  purposes  it 
my  be  desimbie  to  set  up  sons  vaiiio  of  t-fcia  unity  'vhich  will  bo 

regarded  as  acceptable  for  indicating  tte'Tdentlty  of  t!ie  fssctors  in  the  two 
studies.  Egwo var,  no  guiding  values  have  yot  been  daveiopa-Sj  arid  it  seeais 
proper  to  delay  specifying  any  alnlmlly  accepta’oio  value  of  the  coefficient 
of  congruence  until  adequate  experience  in  ths  application  of  the  uetiiod  has 
boon  ^Ined. 


In  solTing  •quatloofl  B.llA  and  B.UB  It  ae—  aAvtaabda  to 
obtain  tha  latant  roots  and  latant  vactora  of  1^  aatrteao 
and  ^ orthogonal  tranafoxnatloo  eontainlng  tha 

latant  vectors  and  ba  a dlagmal  mtrlx  eoatalnlns  tho  latent  roots 


" ^npA  ^pd  ■^bjA* 


(B.20A 


(B.20B 


Sea  Tables  10  end  11. 


The  latent  vectors  are  frequently  called  principal  axaa  In  factor  analysis, 
lot  the  oatrlx  of  factor  loadings  on  tha  principal  axes  be  F^^.  Then, 


^JpA  * ^JjaA^ttpA* 


(B.21A 


^JrD  “ 


(B.21B 


See  Table  12. 


Since  la  an  orthogonal  leatrlx. 


*^JeA  " ^JpA^  apA* 


(B.22A 


^•E43 


(B.22B 


SubBtitiitlon  of  equation  3. 22A  Inequation  B.2QA  and  slrtpliflcatlca  yields 


JpA  JpA 


(B.23A 


^ E3  " ^jpB^JPB  ’ {B.23B 

Each  latent  root,  located  In  tha  diagonal  of  is  tha  sum 
of  eqviarsa  of  tha  corraopondJng  colvuan  of  prliMipal  axis  with  the 

GEiallaafc  latent  root  has  tha  propoi’ty  of  balr;g  tho  factor  in,  tho  space  dafinad 
by  ?-  , with  the  minimum  eun  of  aquarsa  of  loadings-  Ihs  principal  axis  with 
the  next  to  ssiallssb  latent  root  has  tho  jsialaisi  oua  of  squer*3  in  tha  space 


orthogonal  to  tho  principal  axia  vith  the  aaallaot  latent  root*  Siailar 
atatenenta  eooceming  ■Inlaiai  eum  of  a^uarea  of  loaglTigB  can  ha  nada 
ccncemihg  the  reoaining  principal  axea^  taking  i3mm  in  order  frca  saalleat 
to  iargaet,  in  each  caae  oonaidering  the  apaoo  oarthogoiiaX  to  the  preoeeding 
axaa.  Since  the  latent  roota  are  theao  auaa  of  ofearaa  of  the  loadinga  oo 
the  principal  axee,  theae  roota  rapreaent  Indlcea  of  the  extent  to  vhioh  the 
teata  project  into  the  diaenalona  repraeented  hy  tha  principal  axea,  lOian* 
ever  a latent  root  ia  x»n,  all  teata  auat  havo  saxo  loadings  on  that  principal 
axis.  Ae  indicated  in  detail  later,  thia  oondltlca  of  a sero  latent  root 
cauaea  the  solution  -to  eq^uatibna  B«1IA  and  B.llB  to  Im  iw»>unl^us.  A anall, 
hut  non-xero  latent  root  Indicatea  aaall  loadings,  me  condition  la  likel/ 
to  occur  vhsn  the  overlap  tests  represent  soma  of  tfaa  factors  in  the  stv^ 
but  hare  onljr  sinall  random  loadings  on  tha  other  factors.  Such  prinoipol 
axes  vith.saall  latant  roots  na;  ha  delegated  to  & acn-congruent  space  of  the 
study  by  lirdtlng  the  congjruent  factors  to  the  spaca  defined  hy  the  principal 
axes  with  significant  latant  roots.  Study  B,  tha  fcvar  principal  axss  vith 
snalleat  latent  roots  were  placed  In  the  non-congnaast  apace.  No  precise  rule 
haa  been  developed  for  dividing  hetvean  those  priociisal  axes  to  he  delegated 
to  the  non-congruent  space  and  tha  axes  to  he  uaed  la  determining  the  congruent 
space.  It  Is  Important,  however,  to  exclude  from  the  congruent  space  those 
dioonsloua  into  which  the  oserlap  tests  have  nnall  3EaroJeotlonB, 


Consider,  for  the  preeont,  that  no  latent  Tsctors  have  been 
dropped  frcrsA.^^j^  (orA„p^)  and  suhetltute  equation  S.22A  Into  equation  B.IA. 
Then; 


Define: 


'fy  a V St  'P  ♦ 

*JrA  ■'^JpA  ^ mpA  '‘mrA* 
*JrB  “ ^JPE  MKJ 

^prA  ” ^apA  ^arA' 

^PrB  - -^MEB  ^MrB* 


(B.24A 

{B.24B 

(B.25A 

(B.25B 


Then,  from  equation  B,2UAj 


^JrA  " WprA' 


(B.26A 

(B.2€B 


I'l 

*'  f'*.  I 

' !".  ;?  -"S 
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If  J 
Si.  t 
: V 1 


• -Vv  i".*-  t- 

* *^£r„g-  " - -* 


;i  .jyS'Srf  • * 


si''--'  #. 

'%.»'  •*■'  .•  r.4'’>5*'>  ,4,.' 


Vben  «quati<m  B.2>A  1«  tolnkl  for 

®«rA  * AopA^jrA^ 
^Mifl  " Vpb^WI* 


(B.27A 


(B.27B 


Substitution  of  oquationa  i.ZOA>  B.22B«  and  B.2SA  into  oquotlm  B.XIA  jrioldat  ‘ 


\lA*JpA'jIB^W''MrB  “<^r4jpA^pA^iipA*wA* 
Slapliflcatlon  by  Mans  of  equation  B.2;}  yields  t 


^jpA^’jES^prB  * ^*r^pA®prA* 


Similarly: 


^^^^JpA^prA  “ ^r^EB'^PrB* 

The  matrix  product  Jjp^3^jP3  example  is  given  in  Tablo  15. 


(B.29A 


(B.29B 


Conolder  now  the  case  when  one  of  the  latent  roots  In  one  of  the 
studies  Is  zero.  Without  loss  of  generality  of  the  dovelopoont,  the  last 
latent  root  for  study  A can  bo  taJcan  as  the  particular  zero  latent  root.  Any 
other  latent  root  could  have  been  chosen,  it  la  merely  a astter  of  convenience 
The  last  diagonal  ontiy  in  le  then  zero.  Since  0^  Is  a diagonal  itatrlx, 
the  product  in  equation  B.23A  results  la  the  rows 

Eultlplied  by  the  corro  spending  la  tout  roots.  The  last  entry  in  io>  thus, 
multiplied  by  zero.  Vhon  a latent  root  is  zero,  however,  the  loadlnge  on  the 
corraapondirie  principal  axle  are  zero.  The  last  row  of  tharoforo,  has 

zero  entries  and  the  last  entry  in  tho  product  ^ zero.  Thei-sforo, 

0^  Pj.  ‘0  '^rA" 


^dieret  le  used  to  denote  the  last  entry  In  This  equation  le  true 

no  matter  what  value  is  given  to  ^ equation  B.250,  tha  last  column 

of  la  zero;  and,  therefore,  tho  value  of  does  not  affect  the 
equation.  Tho  ccncluelon  le  then  that  the  value  of  la  not  determined 


^ • ’ ■ £*'  »»  '•  ' tS*  ..  "’'V  • » “ ‘ ^ 1*.  .i  • *•  " » . . « 

-„.>•••  ' .'•,v,^''  = ', .-j; ••  s..t)  .<;v-4  '-'.v.,  ■‘;;  ^ 

irp«ii-"..*  ■ ■ •■_ •.  ■ ,',j.  J »•,-  J'a..'.-.  ?’-  . 


by  equation  B>29A  and  B»29B  i^an  tlM  oorraapoodlns  3at*nt  root  !•  MrOi 
Thua>  In  thia  oaM>  tha  aolutlon  ia  not  unlqua.  It  la  rtaaonabla^  howaveri 
to  aaalfp  a talua  of  taro  to  t^^,  Tha  eongniant  ftwtora,  than,  will  not 
InTolva  thia  prlnelpal  azla  vhieh  nan,  thua,  ha  dala^tal  to  tha  non- 
congruent  apaea* 

Other  principal  axaa  can  ha  dalagatad  ta  tha  non-congniant  apaca 
hy  defining  the  eorraapondlng  entry  In  T^^  (or  T^)  to  ha  taro.  Whenever 
any  of  the  entrlaa  In  T^^^^  are  defined  as  taro,  thaaa  entriea,  tha 
correapondlng  coluana  of  Tj^  and  (or  Tj^  aad  Ajipg)#  end  oorrespondlng 
rows  and  coluons  of  ^ dropped  vittout  affecting  aquations 

B.26A|  B.27A,  or  Bt29A.  (or  the  corresponding  B eijoatlons.)  In  the  folXoving 
devalopaenta,  it  vlU  ha  considered  that  these  aatrlcss  bars  heen  so  reduced. 

Consider  the  case  when  there  era  aa  aany  significant  latent  roots 
in  one  study  as  overlap  testa,  (or  Fj^^)  la  o^aare.  This  aatrlx  then 

will  possess  an  Inverae.  Equation  B.29A  can  bo  solved  for  T 


Va  * ^JpA^JPB^'prB*’ 


(b.soa' 


jjy  Is  unity  for  all  Any  values  can  be  asslgi^jed  to  Tp^^  and  a T^^  can 

bo  obtained.  Thus,  perfect  congruence  has  been  obtained  as  a mathenatloal 
no-:es6ity  Irrespectlre  of  the  characteristics  of  tbe  tests  In  the  other 
study.  No  confidence  can  be  placed  In  ths  obscrvssce  of  such  a congruence 
of  factors. 

Sln-jo  only  those  prlnoliial  axes  have  been  retained  that  have 
significant  latent  roots  tho/SiaatricoB  are  non-Bin^iiar  and  possosa  Inverses. 

It  Is  now  assumed  t!iat  Idjere  are  nozv  overlap  testa  than  significant  latent  roots 
In  olthor  study.  It  Is  convsnlent  to  define  tha  colusm  vectors s 


^rA  “ prA' 
.3. 

M X ^ T 
rjj  • i‘B  FrB* 


(B.31A 

(B.31B 


The  ciatrlx  0 for  ths  oxample  Is  given  In  Table  14. 
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Solution  of  o^uAtla-  3.81A  for  yiolia  t 

Va-4v  (»•“* 

Sutetitution  of  thoM  equation*  Into  aquation  B.S^A  yield*  t 

0 H,,  . (B.S1.A 

'•"rt  • i'Ab 


Solution  of  equation  3.34  B for  sutstltutloo  In  equation  B.S4A> 
and  aliapllflcatlon  yield*: 


“'“rA  • »9'rA- 

(B.S5A 

similarly: 

®'®rB  • “rB- 

(B.35B 

Caflno: 

« GG»} 

(B.S^A 

Eg  « G'O. 

(B.SfiB 

Soo  tabla  Xk. 

Then: 

VrA  • fJ'rA’ 

(B.37A 

VrB  - if\s- 

<B.373 

Tho  rcatrlces  H.  and  IL^  aro  Groalpu:  with  latent  roots  and 

latent  roctoro  A . end  A Tho  ncn-vanlehirc  latent 

rA  rS 

for  tho  two  ffatricea.  For  each  latent  root  there  is  a 

rootd  are  identical 

latent  vector  for 

H,  and  a latent 
A 

vector  Ayjj  for  Hg.  Table  15  gives  the 

resvilt'o  for  the  eromple 

j .. 
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Vhan  and  ara  daflnad  aa  proportional  to  tba  Xatant  vectora, 
aquations  li,ZJA  and  B.37B  ara  solv^  Bjjio*  thasa  aquations  ara  In  a atandard 
fona  for  latant  roota  and  raetora.  Than: 


“rA-^rA  V 


**rB  “ ^rB  V 


(B.SSA 

(B.sas 


Kota  that  the  sene  oonatant  of  proportlonalltjr,  d^  is  used  for  both  studies. 

Substitution  of  equations  B.SdA  and  B.S6B  Into  equations  B.SSA 
and  B.S3B  yields: 


Va  * ArA^r* 


*PrB 


Substitution  of  those  equations  In  B.B^A  and  B.27B  yields: 

^mrA  * ^pA  ^pAArA*^r' 

^MrB  “ A jips  ^B^r' 

It  la  convenient  to  define; 

^eitA  “ AntxA^rAArA 

— V 

^HrB  =•  hi?3^-£B^T3 

Soe  Table  16. 

Thun: 

T . ^ T . d 
mrA  EsrA  r 


(B.S9A 

(B.S^ 

(B4QA 

(B.lfOB 

(3.41A 

(D.41B 


^3  ” ^ 


MrB  r 


(B.42A 

(a.42B 


i 
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fh9  oonatant,  (cm  for  MOh  oODgruMt  factor)  can  Iw  datexmlMd  auoh 
that  tha  avoraea  bvdb  of  aq^uares  of  th»  ontrlea  in  and  la  unity: 


This  ia  aituilar  to  tha  usual  praotioa  in  factor  analyaia  of  aaking  tha  suns 
of  aquaras  of  antriea  in  a faotor  tranafoxntion  vaotor  unity.  In  this  caaai 
tha  trenufonsation  Tactora  for  tha  t»o  atudlaa  can  not  ba  nozaalitad 
aeparataly.  It  is,  than,  raaaonabla  to  nonaaliza  the  two  vaotora  on  tha 
r.Torage.  Jn  order  to  acooaplieh  this  stop: 


vhero  the  T'a  are  the  antriaa  in  tha  T vactora.  Xa'ola  l6  contains  tha  d_'a 

r 


for  tha  exanpla.  Tha  tranafo«iation  ratrlcea  and  i»xe  in  Table  5* 

Vhsn  tha  tranaformationa  to  congruent  factors,  and  have 
bean  determined,  tha  raatrices  and  “Sf  loadings  on  the  congiuont 
factors  can  be  obtained  by  aquationa  B.IA  and  B.IB.  Table  4 contains  thaea 
mat'^icoa  of  loadings  on  congruent  factors  for  tha  example. 


The  CKsputlr^  procedure  gi-ven  In  Appendix  C is  based  ca  tha 
foregoing  equations,  A simplification  of  stops  vas  obtained  by  defining 


*8iP^  “ ^ mpA  ^pA^ 


(B.45A 


*^MP3  * ^ m<8 


(3.45B 


Only  those  principal  axos  with  significant  latent  roots  ore  Included  in  these 
aq'.uitlcixa.  Subatitution  of  equations  B.Slft.,  B.&3S,  B.45A,  ar.d.  B.45B  Into 
equation  B.52  yields: 


0 = T'  .(FI  T.._. 

mpA  uaA  JI-IS  MPB 


Vita  the  defiiilticas  of  aquations  B.45A  and  B.45B,  equations  B.41A  and  3.4iB 


5*  ss  T A 
•*ffirA  mpA^rA 


T A 

lirB  = M.?3  rB 


(3.47A 

(B.47B 


Vhea  the  ooogruAQt  fsetora  aM  ooafflclenta  of  eongruenoo  hare 
bean  detanainad,  ona  or  aora  of  thaaa  factors  nay  ba  Judgad  not  to  ba 
aufflolantlj  alnllar  to  ba  eontlnuad  In  tha  congruent  apeca.  This  la 
Indicated  by  a lov  coefficient  of  congruance  (or  a hl^  Index  of  congruence). 

the  axanple>  factor  vlth  a coafflclant  of  congruence  of  .^59717,  vaa 
allnlnatad.  Tha  raaainlng  factors  than  daflns  the  congruent  apace  between 
the  two  studlea. 

After  tha  congruent  space  between  two  stiidles  hae  been  detenalned 
by  the  congtvent  factors,  rotation  within  this  space  la  possible.  Consider 
that  It  la  desired  to  find  the  loadings  on  a set  of  factors  s which  are 
defined  as  linear  cosblnationfa  of  the  congruent  factors.  let  the  coefficients 
for  these  linear  ooablnatlons  be  Included  In  a matrix  T..  Thera  will  be  a 
colmnn  for  each  factor  s and  a row  for  each  congruent  factor  r.  In  the 
example,  after  an  Inopectim  of  the  loadings  on  the  congruent  space,  It  was 
decided  to: 

1,  Define  five  vectors  as  the  suns  of  test  voctors  In  the 
congruent  sjaca  for  five  sets  of  teste  Indicated  In  Table  17* 

The  suras  of  loeidlngs  on  the  congruent  factors  for  tha  tests  In 
each  group  are  also  given  in  Table  I7. 

2,  Define  a set  of  five  factors  so  that  each  factor  would  have 
zero  loadings  for  four  of  the  summation  vectors.  Each  factor 
vculd  be  defined  by  the  svjuo&tlon  vector  with  a non-zero 
loading.  This  could  be  accorapllshed  by  computing  the  Inverse 
of  the  matrix  of  Icoidlngs  of  the-  auxmtlon  vectors  on  the 
congruent  factors.  The  matrix  7^^  in  Table  I8  is  this  Inverse. 

The  factors  a are  related  to  the  reference  axes  by  the  actuations; 


T = T T 

msA  srA  rs 

T T 

MsB  » *MrB  rs 


(B.48A 


See  Table  JUB. 

The  tt’ansfcniatilon  vectors  In  normalized  on  tha  average  be-twsen 

the  two  sxi.iaieg  as  the  congruent  factoro  were  ncrxializsd  on  the  avera^ 


twtwMn  stuilflB  In  equatloaa  B.V2‘o  b.Mi<  Th«  ei^UBtlona  for  this  stop  arst 


®aaA  " ^bA 


’kbB  “ ^MaB  *s 


Seo  Tahls  IS. 

Loading  on  thssa  factors  ai«  found,  "bjt 


(B.^QA 


(B.5OB 


^JaA  “ *JiBA  *mA 


{B.5U 


*JbB  " ®JMB  ’ifeB 


(B.5IB 


Ssa  Table  19. 

An  altemativs  wethod  lo  to  deflnn: 


Soa  Table  I6. 


T^  - T d . 

ra  rs  s 


^JsA  * ^JrA 


(B.53A 


^JaB  “ ^JrB  ^rs* 


(B.53B 


A point  to  note  is  tJsat  eince  tba  leadings  In  and  are  similar  due  to 
the  solution  to  congruence^  the  loadings  in  uia trices  ’■>^-'1  ^-33  ^uust  also  be 

similar. 

If  It  la  desired  to  rotate  the  uxee  to  a new  position  a similar 
cycle  to  the  proceeding  la  taken.  la  equations  B.WA  - B.53B/  substitutions 
cf  s for  r and  of  2 for  s are  made.  In  the  exaniple;a  rotation  as  indicated  In 
Tails  20  was  decided  on.  llis  reauita  of  this  rotation  are  given  in  Tables  7“9' 


-53. 


1 4 

i -- 

i ./''id 


Th«  loadluqi  of  the  &oa-ovarl&p  tests  aagr  he  obtained  at  any 
time  In  this  rotational  procedure  hy  extending  eq^uatlone  B.9IA  and 
to  these  areas  of  the  loferenoe  factor  aatrlees. 

Consider  now  the  non-oongruent  factors.  There  will  he  a set  for 
each  study.  let  u and  U designate  the  non>coDgruont  factors  In  studies  A 
and  B.  The  transfoxnatlone  to  these  factors  can  he  defined  hy  the  equations.: 


T»  a 

*>rA*muA 

-^MUB 


(B.5^A 

(B.54B 


AaiuA-^auA  " ^ * 


(B.55A 


(B.55B 


These  brans fcncatlons  are  sections  of  ortnogonal  transfoirAtlons  vith  ae 
many  colmws  as  thora  are  non-oongruent  factors  In  the  studies.  A computing 
procedure  for  8olutl<Ki  a£  these  equations  Is  given  la  Appendix  C.  lieeults  for 
the  example  are  given  la  Table  6. 
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VKIOia  AUD  MOOS  FOR  onatAP  TRSn 

aiuwA  NAnn  a . 


Pticae* 

ftcteM 

»-! 

p-a 

Frlaelp*!  Am* 
P^  P-4 

P-5 

p-8 

1 

.8208 

.4129 

-.2910 

-.2189 

.1289 

-.0800 

U 

.152l» 

.5925 

.6975 

.1030 

-.0617 

-.36c8 

-.0581 

tu 

.1256 

.1799 

-.1375 

.5118 

.P55 

br 

.3689 

-.4i!69 

.0059 

.6032 

-.2549 

-.5028 

r 

.3431 

-.6006 

.2603 

-.4972 

-.5147 

.3282 

.1828 

-.3184 

.1529 

.2818 

.8280 

.2967 

^.A 

4.W565 

.7959 

.3082 

.2104 

.0684 

.0378 

^Ia 

2.1110 

.8910 

.5554 

.4587 

.2959 

.1945 

.4757 

1.1223 

1.8072 

2.1800 

3.4029 

5.1407 

8TODX  B »raiX  hy^ 


Seforeac* 

Factor* 

p-i 

P9* 

P-S 

P-4 

P-5 

PriucliAi  Axm 
P-6  p.7 

p-8 

P-9 

P-10 

P-U 

Z 

.3713 

-,4491 

-.1522 

-.1583  -.0168 

.5476 

-.4852 

-.2697 

-.0043 

.-.0592 

-.0244 

II 

.0109 

.1508 

.UOO 

-.0957 

.0187 

.2’126 

.1817 

-.0062 

.1890 

-.2934 

.8158 

in 

.U19 

-.£074 

.049'f 

-.1777  -.1454 

-.4548 

..3493 

.3719 

-.5?34 

-.0476 

.2507 

lY 

.5515 

.8065 

-.0852 

-.4837 

.1154 

.0223 

-.0002 

.1556 

-.ce88 

-.11X0 

-.1946 

V 

.a4fi 

-.1U5O 

.5C'84 

.oCSf  -.6084 

.0372 

.1656 

.1205 

.1235 

-.4015 

-.2307 

TI 

.3737 

— SS8 

-.1354 

-.2&6 

.1696 

-.2437 

.5881 

.0102 

.1315 

.IS39 

.0313 

yii 

-.0095 

—05^7 

.09’H 

-.XO':6  +.C001 

-.1405 

-.2216 

.O6C.4 

-.0064 

-.0544 

.3262 

VIII 

.2452 

.1550 

-.6iXi 

.3787  -.5151 

-.1317 

.0125 

-.0152 

.0861 

.c40f 

.1678 

rs 

.582c; 

.1777 

.44£0 

,2884  -.041-6 

-.0156 

-,0035 

-.31.25 

-.2141 

.5799 

.1935 

X 

.0101 

.o::8a 

-.0468 

-.0275 

.0834 

-.5657 

.O5G7 

-.7396 

-.21*85 

-.49^ 

-.0268 

XI 

.54*^ 

-.C6?7 

.Cti7 

.6249 

.5591 

-.0707 

-.0919 

.2£<'2 

.0662 

-.3271 

-.0238 

m 

.0452 

.00=2 

.i3ca 

•*0050 

-.4't68 

-.4123 

-.1224 

.75ia 

.0581 

.0179 

Pv3 

5.SJOT- 

-9532 

.3te5 

.2658 

.1059 

.0875 

.0615 

.0357 

.0123 

.0000 

.0003 

2.1^5^ 

.9758 

.5853 

.5158 

.M5-4 

.2593 

.2480 

.1890 

• • » « * 

rj 

Jmo 

1.CS48 

1.7087 

1.9489  3.0729 

3.e4y6 

4.0350 

5.2918 
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Wt  MATRICES  0,  n^,  ^ 
MATRIX  0 


Study  A 

Frlnelpol  Axe«  P-1 

p-1  .9977 

p.a  -.0007 

p-s  -.0365 

p.4  -.0053 

P-5  -.0078 

p.6  .0006 


P-2 

Study  B Principal  Axes 
P-S  P-4  P-5 

P-6 

P-7 

P-8 

-.0010 

.0023 

-.0123 

-.0317 

-.0119 

^o 

q 

-.0436 

-.3499 

-.2478 

.0063 

.0176 

-.0281 

.1842 

. .0243 

.0122 

.2856 

-.3874 

-.4226 

-.0640 

.5094 

.1^ 

-.141*8 

.7085 

.3527 

.3021 

-.4053 

.1398 

-.2192 

-.1730 

.3163 

.4101 

-.6368 

.2384 

-.4021 

.0342 

-.0495 

-.1010 

.0350 

.5533 

-.2751 

-.4520 

.2721 

MATRIX  H. 


Study  A 
Principal  Axee 

?-l 

P-2 

P-3 

p-A 

u 


study  B 

Principal  Axes 

P-1 

P-2 

P-3 

P-4 

P-5 

P-6 

P-7 

P-8 


P-1 

.9989 

.0016 

-.0165 

-.0006 


Study  A Principal  Axes 

P-5 

p-6. 

p.2 

P-S 

p.4 

.0016 

-,0165 

-,0006 

.0031 

-.0271 

.9994 

.0082 

.0013  - 

.0026 

.009a 

.0032 

.7lJ^5 

-.0098  - 

.0146 

-.3426 

.0013 

-.0098 

.9705 

.0411 

.0375 

.0026 

-.0146 

.04ll 

.9234 

..0958 

.0092 

-.3426 

,0373  - 

.0958 

.4790 

MATRIX  Hg 


Study  B Principal  Axes 

P-1 

P-2  P-3 

P-4 

P-5 

P-6 

.9968 

.0013  -.0142 

-.0032 

- .0126 

..0094 

,0013 

.QStfl  .0866 

-.1344 

.0281 

.0570 

-.0142 

.0866  .7552 

.2638 

-.1462 

-.1953 

-.0032 

-.1344  .2638 

.4441 

.0213 

-.0300 

-.0126 

.0281  -.1462 

.0213 

.7878 

-.3390 

- .0094 

.0570  -.1953 

-.0300 

-.3390 

.3018 

.0010 

..0971  *1174 

-.3278 

- .0649 

-.0662 

-.0497 

-.0083  -.1215 

-.1298 

-.0792 

.0093 

P-7 

.0010 

-.0971 

.1174 

-.3278 

-.0649 

-.0662 

.6793 

-.0628 


P-8 

-.0497 
-.0083 
-.1215 
-.1298 
-.0792 
.0093 
- .0628 
.1650 
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Table  1$ 

LATENT  VECTORS  AND  ROOTS  FOR  MATRICES  R.  AND  H 

A B 

STUDY  A MATRIX  A.. 


!rli 


study  A 
Principal  Axea 


Congruent  Factors 
BCD 


P-1 

.8341 

-.3459 

.0031 

.3569 

-.2356 

.0408 

P-2 

.4218 

.8889 

-.0367 

-.0073 

.1741 

-.0151 

u-3 

.1541 

-.1579 

.5028 

-.1999 

.5797 

.5679 

p-4 

-.2803 

.1481 

.4512 

.8318 

.0492 

-.0397 

P-5 

-.0408 

-.1198 

-.7019 

.3595 

.5885 

.1250 

p.6 

-.1494 

.1702 

-.2225 

.1071 

-.4789 

.8114 

STUDY  B MATRIX  K. 


Study  B 


Congruent  Factors 


Dcipal  Axes 

A 

B 

C 

D 

E 

F 

P-1 

.8273 

-.3398 

-.0131 

.3571 

-.2627 

.0419 

P-2 

-.341»3 

-.8552 

.1154 

-.1842 

- .2444 

-.0740 

P-3 

-.2543 

-.2164 

.2914 

.6393 

.3930 

.2030 

P-4 

-.1880 

.0PX)1 

-.3540 

.5188 

.0214 

-.3295 

P-5 

-.1925 

.2711 

.3160 

.1314 

-.7574 

-.1334 

P-6 

.1132 

-.1462 

-.5)119 

-.2728 

.2139 

-.4546 

P-7 

.2154 

.0692 

.7425 

-.1740 

.3113 

-.2878 

P-8 

.0233 

.0152 

-.0908 

-.1967 

.0084 

.7318 

LATENT  ROOTS  ^ 

Congruent  Factors 

A B C D fi  F 

1.00173  .95565  .87694  .99517  .99092  .22109 
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Congruent  Factors 
C D 


1. 

.6161 

.1772 

-.7118 

-.0428 

.1160 

-.5498 

11 

.484? 

.1199 

1.1126 

-.2212 

1.0255 

.6484 

111 

-.7309 

1.1538 

.3917 

.9609 

-2.6OU 

2.7287 

Iv 

-.0019 

-.6290 

1.8005 

.5690 

.6730 

-2.2366 

V 

.0191 

-.4743 

.1492 

-1.1368 

-1.37lt6 

1.5622 

Yl 

-.5394 

-.3809 

-1.9095 

1,6303 

1.0289 

1.7409 

orA 

1.44oo49 

2.139747 

8.808218 

5. 248043 

11.231917 

18.642088 

STUDY  B KATRlxrj^g 

Reference 

Congruent  Factors 

Factors 

A 

BCD 

2,043654  32.611188  5.114092  8.200618  20.114876 


Table  17 

SUMMATION  VECTORS  FOR  FIRST  ROTATION  IN  COWCRUEOT  SPACl 


Teats  Ueed  Sum  of  Loadings  on 


Susmtlon 

From 

Test 

Congruent  Factors 

Vector 

Study 

Number 

A 

B 

C 

D 

S 

a 

A 

18 

1.3562 

.U186 

-.3866 

-.1810 

-.01*15 

A 

9 

B 

1 

B 

• 26 

b 

A 

1» 

.0133 

-.7811 

.0071 

.1880 

-.0156 

B 

22 

c 

A 

15 

.3U76 

-.5268 

.2662 

-.3428 

-.2937 

B 

33 

d 

A 

11 

,3006 

• 5138 

.131*9 

.Ubll 

-.1*279 
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Table  19 

rAa^OR  LOADINGS  FOR  FIRST  ROTATION  IN  CONGRUENT  SBACB 
STUDY  A MATRIX  Fj^ 


♦» 


4 

■1 

4 


Loadings  oa  Rotated 

Test  Code  Numbers  Cor.^'^nient  Factors  - s 


study  A 

Study  B 

a 

b 

c 

d 

18 

1 

.19 

-.04 

.02 

.03 

9 

26 

.32 

.03 

-.01 

-.03 

5 

23 

.02 

.32 

-.05 

.03 

12 

20 

.06 

.30 

-.21 

.13 

k 

22 

-.03 

.30 

.02 

.01 

13 

32 

.19 

.22 

.01 

-.01 

l4 

34 

.23 

.o6 

.06 

-.03 

15 

33 

,00 

.00 

.31 

.00 

11 

27 

-.01 

.00 

.00 

.35 

1^17 

30 

.00 

.00 

.00 

.00 

STUDY  B KATBIX  Fj^g 

Loadings  on  Rotated 

Test  Code  Numbers  Congruent  Factors  - s 


Study  A 

study  B 

__  a 

b 

C 

d 

3'’ 

1 

.18 

-.04 

.03 

.05 

9 

26 

.36 

.04 

-.03 

-.04 

5 

23 

.01 

.32 

-.04 

.03 

12 

28 

.04 

.29 

-.20 

.14 

4 

22 

.03 

.32 

-.02 

..01 

13 

32 

.13 

.20 

.04 

.00 

14 

34 

.23 

.06 

.06 

-.03 

15 

33 

.00 

.00 

.31 

.00 

11 

27 

.01 

.00 

.00 

.35 

16+17 

30 

.00 

•vu 

.00 

.00 
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APPENDIX  C 

C(»4P(rnN0  FBOCHDURS  FOR  SYlfTOESIS  OF 
FACTOR  ANALYSIS  BTUDSB*  ■ 


The  following  set  of  notes  give  detailed  computing  procedures 
to  Implement  application  of  the  method  presented  In  this  report  for 
synthesis  of  factor  analysis  studies.  For  convenience  these  notes  are 
divided  Into  five  sections: 

1.  Congruent  factor  computations. 

2.  Rotation  of. axes  in  the  congruent  space. 

3.  Determination  of  non-coagn«nt  axes. 

4.  Determination  of  latent  roots  and  vectors. 

Notes  on  matrix  cotoputatlons. 

Section  1 contains  the  basic  elements  of  the  method  for  synthesis  of 
factorial  studies.  Section  2_and  3 pertain  to  subseijuent  steps.  Sections 
4 and  5 are  Included  to  facilitate  the  compiitatlonr,  of  the  .preceding  three 
sections. 

While  It  will  bo  assumed  that  the  work  will  be  under  the  direction 
of  a person  competent  In  factor  ana.lysls,  only  a ralnim'im  knowledge  will  be 
as.sumod  for  the  person  doing  the  computations.  It  will  be  assumed  that  the 
person  performing  the  cotapulatlons  is  trained  In  the  operation  of  a calcur 


i 


.5 


•t 


latlng  rschlne  and  has  some  knowledge  of  statistical  computations.  No 
knowledge  of  taatrix  algebra  nor  of  matrix  computations  will  be  assumed. 
Section  5 of  theso  notes  is  intended  to  supply  the  limited  instruction 
necessary  concerning  matrices.  While  specific  references  will  be  made  In 
the  other  sections  to  relevant  portions  of  section  5>  it  would  he  advisable 
that  the  person  doing  the  computations  to  become  foalllar  with  the  contents 
of  section  5» 
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1.  Congruent  Taetor  Computatlona 


The  conputatlonal  procedure  tor  detemlnlog  congruent  factors 
will  he  Illustrated  hy  a fictitious  exaople.  ^».^hle  21  gives  .the  factor 
mtrlces  F.  . and  and  standard  deviations  o.,  and  o..  for  six  overlap 

jnA  JMB  JA  JB 

tests  In  Studies  A and  B.  Study  A has  three  factors  > 'Stxtdy  B has  four 
factors.  Each  row  of  each  factor  matrix. has  been  sumaed  with  the  sum  being 
recorded  In  the  £ coltnm. 

a.  Eiiuallse  Units  of  Measurement 

a)  Confute  the  constants  d^^^  ■ Oj^  / + ®JB^* 

S 

and  djg  ■ order  to  facilitate 

computations  a worksheet  was  set  up  as  shown  in  Table  22. 
The  operations  in  the  successive  columns  are  as  follows: 

1)  Enter  the  <7^^  for  each  test  in  Study  A In  column  1. 
Total  the  entries  in  column  1 and  enter  results  In 
row  £ column  1, 

2)  Enter  the  o,_  for  each  test  in  Study  B In  column  2. 

oo 

Total  the  entries  in  column  2 and  enter  the  results  In 
row  £ column  2. 

3)  Sun  the  a,,  and  o._  for  each  test  and  divide  the  sum 

JA  JB 

by  2.  Record  the  result  In  the  third  coi’Jmn  designated 

^(cj^  + (7jg)»  lu  order  to  check  the  entries  In  the 

third  column^  total  the  entries  in  the  £ cells  of  the 

first  and  cjcond  colusm  and  divide  the  sum  by  2,  Enter 

the  result  in  the  Ch  cell  of  the  third  column.  Total 

the  entries  in  the  third  oolunrn  and  enter  in  the  £ cell. 

The  Ch  and  £ en-irleo  should  agree. 

I^)  Divide  the  and  in  columns  1 and  2 for  each  test 

by  the  ^ “^JD^  column  3 for  the  test  and  recoid 

in  column  4 and  5.  d.,  end  d.-. 

' JA  JB 


.67- 

’i)  Sub  the  d..  and  d,-  for  each  taet  and  enter  the  total 

QA  JJ} 

in  column  6.  The  eua  should  equal  2.00. 

B)  Compute  the  Beference  Factorial  Matrices  for  Teats  with 
Adjusted  Units  of  MeasursBont,  Fj.^  for  Study  A and  F^ 
for  Study  B.  See  Table  23. 

1)  To  obtain  the  matrix  F» 

JIAA 

a)  Multiply  each  entry  in  the  first  row  of  matrix  ’ 

F.  Table  21,  by  the  constant  d,,  tor  the  first 
JmA'  ' JA 

test  in  column  4 of  Table  22: 

.35  X .89  « .32 

-.34  X .89  ’•  -.30 
.48  X .89  « .43 

b)  In  order  to  chock  the  first  row  of  Fj^^^  multiply 

the  Biun  of  the  first  row  of  by  the  constant 

■ d.,  for  the  first  toot  in  column  4 of  Table  22: 

JA 

.49  X .89  • .44. 

Becord  the  rosult  in  the  Ch  column  of  Sum 

the  entries  In  tha  first  row  of  «uid  record  in  « 

JmA 

the  L column.  The  entries  in  the  Ch  and  £ columns 
ohould  agree  within  t 2 of  the  last  doclsml  place 
carried. 

c)  Compute  and  chock  the  mtrioo  In  each  row  of 

in  tluj  same  way,  using  tlie  corresponding  row  of 

^JkA  ^’®41o  21  end  the  corroopondlng  constant 

d..  from  column  4 of  Table  22, 

JA 


d)  Obteln  the  oiun  of  each  column  of 

2)  Compute  tho  jrr.ttlx  F,.,_  follc^lng  the  r-rocedure 
as  outlined  for  the  '.‘-rput^tion  of  F^.^^  by  using  tho 
rows  of  F and  the  coa*.. ‘.ants  d™. 

.)Mo  jU 

b.  Compute  tho  principal  axes  for  tho  testa  in  each  study. 


A)  Compute  the  matrix  product  Table  24  (An  explicit 

following  of  the  formula  would  Involve  (l)  recording 

of  the  traneyoee  of  matrix  oee  Section  5, 


L- 
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Paragraph  a,  Point  6;  and  (2)  aatrlx  aultl]4^tioa  of 
ttatrlcaa  F*^  and  Fj^>  oea  Sactlon  % Paragraph  o.  It  la 
uzmecasBarjr  to  raoord  tha  tranapoea  aatrlx  tha  aaaa 
results  Bay  be  obtained  by  nultlplylng  each  oolunn  of  F^.^ 
by  every  column  of  F^^^t  The  rova  of  the  transpose  aatrlx 
are  implied  by  their  eq^uivalents,  tha  ooluons  of  Fj^^») 

1)  Flrat  row  of  FJ^F^^ 

a)  Compute  the  sub  of  squares  of  tha  entries  In  the 
first  column  In  and  enter  the  result  In  ths 
first  coll  of  the  first  row  of 

b)  Compute  the  sum  of  products  between  the  entries  In 
the  first  column  and  In  each  other  column  of  Fj^ 

and  enter  the  result  In  tha  corresponding  cell  of 
the  first  row  of  example:  the  sum 

of- products  between  the  entries  In  the  first  column 
and  second  column  of  . Is  entered  In  the  first 

USA 

row,  second  cell  of 

c)  Compute  the  sum  of  producte  between  the  entries  In 

first  column  and  in  the  Z column  of  P.  , and  enter 

in  the  Ch  cell  of  the  first  row  of  F*  ,F-  ,, 

JmA  JmA 

d)  Sum  the  ontlres  in  the  first  row  of  FL  ,F.  , 

' omA  JmA 

(exclusive  of  the  entry  in  the  Ch  cell)  and  enter 

the  total  in  the  E cell  of  the  first  row  of  FL  .F^  ,* 

JmA  JmA 

This  entry  should  agrso  to  within  1 2 of  the  last 
dscic-sl  place  carried. 

2)  Second  row  of  FI  , 

' JmA  JmA 

Compute  the  second  row  of  using  the 

second  colunvn  of  and  i-opo  -.ting  preceading 

steps  a-d.  Tho  cum  of  scuar^s  of  the  second  column 

will  bs  entered  in  the  second  cell  of  tho  second  row. 

3)  Kemaining  rows  of 

Compute  tho  remaining  rows  of  using  the 

corresponding  col'-ucns  of  F,^,  and  repeating  steps 
a-d.  In  each  coco,  the  aum  of  sijuares  of  the 


•>  & » 
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oolumna  of  Fj^  vlll  bo  the  diagonal  of 

Note  that  F*  .F.  , la  aynBetrlo  and  once  a row'  la 
JlQll  «JJ&A 

oonputod  and  chocked  it  nay  ha  coploi  Into  the 
corresponding  coliunn< 

B)  Compute  tho  matrix  product  for  Study  B following 

the  proceduM  ae  outlined  in  the  proceeding  atejpfor 

C)  Solve  for  latent  roota  and  veotora  Ajgp^> 

by  tho  method  outlined  in  Section  5.  The  roaultlng  natrlcea 

D)  Dleoard  principal  axes  with  low  diagonal  entrlea  in  tho  fi 
matrix.  For  study  A discard  tho  thli’d  column  of  tho  matrlcoa 

^•mpA  ^A*  Study  B dlaoaxv  tho  fourth  column  of  the 
matrlooe  Aj^j»g  andyff^. 

1)  Compute  tho  oq^uaro  root  of  each  remaining  diagonal  and 
record  in  thO'^§*row. 

2)  Compute  tho  reciprocal  of  thoy/^and  ontor  tho  result  in 

the  row. 

3)  Check  tho  computations  In  1 and  2 above  by  multiplying 

each  by  tho  corresponding  diagonal  entry.  Tlie 

product  should  approximate  y^SVithln  1 2 of  the  laet 
decimal  place  cairied. 

4)  The  rntrlcec  and  ‘2  are  given  in  Table 

26  end  contain  tho  l/v^  as  diagonal  entrlea. 

S)  Compute  the  matrix  product  study  A, 

Table  27.  (See  Section  5,  Paragraph  c). 

1)  Eliminate  tho  column  in  Aj^corresponding  to  tho 
principal  axes  discarded  in  D above.  Since  the  third 
col'umn  of  was  elimlncte  the  third  column  of  A^^ 
will  likewise  bo  elirolriated.  Tho  A^^  matrix  will  now 
iiavo  throe  rows  and  two  ooliama. 

2)  Multiply  each  entry  in  the  first  colimai  of  by  tho 
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diagonal  antrj  of  the  first  coluon  of  * and  record 
in  the  corresponding  cell  of  (Tattle  27)* 

S)  Multiply  the  S entry  in  the  first  coluon  of  t>y  the 

diagonal  entry  of  the  first  colunn  of  fi  and  record  in 
the  Ch  row  of  Sum  the  entries  in  the  first  column  of  . 

^npA  entry)  and  enter  in  L cell.  This 

should  agree  with  the  Cb  entry  to  within  +Z  of  the  last  decimal 
place  carried. 

■k)  Compute  the  entries  in  the  second  column  of  by  using  the 
entries  in  the  second  colunn  of  and  the  diagonal  entry 
of  the  second  column  of  . Follow  the  procedxtre  outlined 

in  2 and  3 above. 

-1 

F)  Compute  the  matrix  product  »«  * for  Study  B.  (Table  27), 

t 

Follow  procedure  outlined  in  K above.  The  matrix  Aj^  in 
the  example  has  four  rows  and  three  co.lumna  after  the  fourth 
column  has  been  eliminated. 

Compute  traneforinatlone  to  congruent  factors 
A)  Compute  the  matrix  0 - T^^  ’’mpb 

1)  Compute  the  matrix  F^^F^^jg 

a)  Compute  the  sum  of  products  between  the  first  coliann  of 

^JmA  i’irst  column  of  Fj,^  (Table  23)  and  enter  tho  i'esult 

In  the  first  cell  of  the  first  row  of  FI  .F_„ 

JmA  JMB 

b)  Compute  the  svun  of  products  between  each  remaining  column 

of  F.,  . and  the  first  column  of  P„.  Enter  tho  result  In 
JuA  JKB 

the  corroepo!i41ng  coll  of  tho  first  column  of 

c)  Catputo  the  sum  of  products  between  the  entries  In  tho  E 


column  of  F.,  , and  the  first  column  of  F„„. 

JmA  JMB 


Enter  result 


in  the  Ch  cell  of  the  first  column  of 

d)  Sum  the  entrleo  In  the  first  coliamr,  of  F^j,^Fjj{g  (exclusive 
of  the  entry  in  tho  Ch  coll)  and  enter  tho  total  in  the  E 
cell  of  tho  first  column  of  FL  .F^.  Tills  entry  should  agree 

omA  t)M9 

with  the  Ch  entry  to  within  +2  of  the  last  decimal  carried. 
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e)  Second  coluTO  of 

CoBpute  tho  aeoond  column  of  ^7  using  tbo 

second  colunin  of  7^^  emd  repeating  steps  a-d. 

f)  Heaalning  col\imn  of 

Cempute  the  reaalnlng  columns  of  V using  the 

corresponding  columns  of  7j^  and  repeating  steps  a-d* 

2)  Compute  the  matrix  product 

Ualng  the  columns  of  and  the  columns  of 

compute  the  matrix  product  accordli^  to  the  procedure  outlined 

In  the  preceeding  step* 

3)  Compute  the  matrix  product 

° • ^mpA  '^MPB  5 Paragraph  c.)* 

a)  Compute  tho  sum  of  products  botween  the  entries  In  the  first 

rov  of  the  matrix  entries  In  the  first 

column  of  T,.—  and  record  In  the  first  cell  of  the  first  oolumn 
of  0.  For  example:  ■ 

.9456-  (.8775) (.8287)  + {.3>»ll)(.28l4)  + (.4263)(.2lH5) 

<•  (.1041)  (.1371) 

b)  Compute  the  cum  of  products  botveen  the  entries  In  the  second 

result  3n  the  second  cell  of  the  first  column  of  G.  For  example: 

-.1941  « (..24z4)(.8287)  + (-.1105) (.2814)  + (.4702)( .2415) 

+ (-.4207) (.1871) 

c)  Compute  the  sum  of  products  botvoon  the  S row  of 

by  tho  flrct  column  of  Enter  the  result  in  the  Ch  cell  of 

Wi « f 

tho  first  column  of  0.  Sum  the  entries  In  the  first  column  (exclusive  j 
of  the  Ch  coll)  and  enter  tho  total  In  the  2 cell.  This  entry  should  j 

agree  with  tho  Ch  entry  to  within  ^2  of  the  last  decimal  place  j 

carried.  | 

d)  Cempute  tha  ronaining  columns  of  G by  computing  the  sum  of  products  | 

between  each  raw  of  T'  . (F*  .F„„)  and  each  remaining  column  of  j 

snp/V  oaA  JMI>  j 

and  entering  tho  result  In  tho  corresponding  cell  of  G.  j 

wri?  I 

1 

I 


I 


Si  - i 


fc-lf. 


. J-  Ml' 


r"'  V ^ . 


- •»  . 
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B)  If  the  tooBber  of  prinolpal  sxee  p with  elgnlfloant  letent  root* 
for  Study  A ie  lees  than  or  equal  to  the  nunber  of  principal  axee  P 
with  elgnlflcant  latent  rocta  for  Study  B/  ae  ie  true  for  the 
exanploi  (For  detailed  procedure  aee  follovlng  paragraph  B.) 


1)  Compute  • 00* 

2)  Obtain  latent  vectora  and  roota  of  «od 

Sea  Section  S. 

3)  Dlacard  Tectora  with  low  J<^b, 

4)  Compute 


^mrA  * ^apA  ^rA 
^MrB  * ’kPB®'  ^rA^r 


C)  If  the  number  of  prinolpal  axea  p with  significant  latent  roots  0j^ 

for  Study  A is  greater  than  the  number  of  principal  axes  P with 
significant  latent  roots  0^  for  Study  B: 


1)  Conimte  ■ O'O 

2)  Obtain  latent  vectors  and  roota  of  HgS  “O'! 


3)  Discard  voctora  with  low  0^a, 

4)  Compute 


’■=rA- 

^KrB  " \?9  ^rB 

D)  since  the  number  of  principal  eir.as  with  significant  latent  roots 

for  Study  A Is  lees  than  ths  number  of  principal  face  with  si^iflcant 

latent  roots  0 for  Study  B,  the  equations  in  3 will  be  solved  as 
. * B 

follows ; 

1)  Compute  the  matrix  product  ■"*  GO’  (Table  29) 

a)  Cosr.pita  sum  of  squares  of  first  row  of  G end  racord  in 

the  first  cell  of  the  first  row  of  H, . 

A 

b)  Ccr:puto  the  oiini  of  products  hotweou  the  first  ema  second 
r<r-'3  of  0 and  enter  in  tho  cocond  cell  of  the  first  coltem 


|.v- 


M.*"  i'. 

•'*  t ' 


Is'  ■*  ^4 

V,  -•  ^ 


o)  Cooput*  th«  SUB  of  produot*  botwoon  tbo  first  and 

£ row  of  0 aad  ontar  In  tho  Ch  cell  of  tho  first  ooluoa 
of  To  ohsok  tha  oonputaiiona^  obtain  ttaa  am  pf  tha 
first  colunn  of  (axolusiva  of  tba  Ch  antrjr)  and  rscord 
in  tha  £ row.  Tba  Ch  antrjr  and  £ antx7  should  agraa  within 
42  of  tha  last  daolaal  plaea  carried. 

d)  Calng  tha  second  row  of  0 compute  tha  second  ooluon  of 

aa  outlined  In  a to  o abora,  tha  sun  of  squares  of  tha 
second  row  being  the  diagcnal  of  the  second  eoluon  of 


2)  Obtain  the  latent  vectors  and  roots  of  bp  tha  procadura 

outlined  in  Section  3.  The  resulting  matrices  ain  given  in 
Table  29  as  matrica  and 

3)  Compute  the  square  root  of  the  diagonal  entries  In  0*  and  record 
in  the  v/dT  row.  Compute  the  reolpi'ocal  of  aad  enter  the  result 
in  the  row.  Chock  the  computations  by  multiplying  each 

by  tha  corresponding  diagonal  entry,  Tha  product  should  approximate 
Vi  to  vithin  +2  of  the  last  decimal  place. 

4)  Tho  entries  in  the  l//d  row  ore  the  diagonal  elements  of  the  amtrlx 

given  in  Table  29. 

5)  CoEiputo  the  matrix  product  3^^^  * ^rA 

Using  the  rc^ra  of  the  matrix  T^^^  autl  the  columns  of  tho  matrix 
follow  computational  procedui'o  for  multiplying  matrices 
outlined  in  Section  5,  paragraph  c. 

6)  Compute  the  matrix  product 
(Table  31) 


a)  Ccif.piito  the  matrix  product  T.,„Gr' 

MH5 

(1)  Compute  the  stWi  of  products  between  tha  first  row  of 
^MPB  i'iret  i'ow  of  G and  enter’  tha  results  in  tho 
first  cell  of  tlio  first  column  of  (T,..,.,G') 

(2)  Compute  the  aaa  of  products  '■etween  tho  remaining 

rows  of  T,„_  and  the  first  row  of  G and  enter  the 
MF3 

result  in  the  corresponding  cell  of  tha  first  column 

(W> 


' . »•  . ■ ■rt  .r' ■li-' 


(3)  Coapttttt  th«  aua  of  products  lictweea  ths  £ rov  of 

and  the  first  row  of  a and  enter  In  the  Ch  row 
of  the  first  ooluan  of  (^^0') 

(U)  Sun  the  e.-itrlee  In  the  flfst  coluon  (excluelre  of  the 
Ch  cell)  and  enter  the  result  In  £ cell  of  the  column. 

This  should  agree  with  the  Ch  entX7  to  within  ^2  of  the 
last  deoloal  place  carried. 

(5)  Caopute  the  renalnlng  colunna  of  hy  using  the 

rcfvs  of  and  each  of  the  remaining  rowe  of  G and 
enterlitg  the  results  In  the  columns  of 
corres^ndlng  to  the  rows  of  0. 

b)  Using  the  rows  of  the  matrix  ^ columns  of 

the  matrix  follow  the  computational  procedure  for 
multiplying  matrices  outlined  In  Section  5>  paragraph  c, 
to  obtain  the  matrix  (l^^G*) 

c)  Using  the  rows  of  the  rsatrlx  (T^G')  computed  in  h, 

and  the  coluroie  of  the  matrix  0”^  (Table  29)  follow  the 
ccaapatational  procedure  for  multiplying  matrices  outlined  In. 
Section  5,  Paragraph  c to  obtain  the  matrix 

^MrB  ” ^MPfl'^'^rA^^r 

7)  Adjust  columns  of  end  to  congruent  factors: 

a)  For  Illustrative  purposes  the  matrix  7^^  and  the  matrix 

veie  copies  In  Table  32  from  the  roeulte  of  previous 
ecwiputations  (Tables  30,  3l) 

b)  For  each  study  compute  the  sum  of  squares  for  each  column 

and  enter  the  resulte  In  the  row  designated  and 

c)  For  •’orrenivirid  fp'7  columns  compite  ths  average  and  enter  the 

results  in  row  desl^^tod  erampla 

the  average  between  1,356101  and  1,871665  is  1.613383 

d)  Compute  the  square  root  of  the  values  obtained  In  (c) 

e)  Compute  tho  reciprocal  of  the  square  roots  ccaapatod  in  (d)  

Check  tho  ooznputations  by  multiplying  each 

^ ...  4.  £r®  K The  product  should 

by  the  corresponding  ^ I'irB' 


-1 


A.  = /•» 


-w- 

approxlMt®^(£r^^  + to  vlthln  *2  of  tha  last 

daclaal  place  carried*  These  reciprocals  of  the  square 
roots  are  the  diagonal  eleaents  of  the  aatrlx  S^(aho«m  la 
Table  32) 

f ) Coepute  the  aatrlx  53) 

g)  Cofflpi'.te  the  matrix  0^^^  "^‘Mr^r  ^^•'’le  33) 

d.  Compute  loadings  on'congruent  factors  (Table  S4) 

A)  Compito  the  matrix 

Using  the  rove  of  the  matrix  Fj.^  (Table  23)  and  the  columns  of 
the  matrix  T^^  (Table  53)  follow  the  computational  procedure  outlined 
in  Section  Parcgraph  c. 

B)  compute  the  matrix  Fj^g  . ^“jmbVb 

Using  the  rows  of  the  matrix  Fjj^(Table  23)  and  the  columns  of 
(Table  33)  follow  the  computational  procedure  outlined  In 

wrij 

Section  5,  Paragraph  c. 
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STUDY  A 


1 

11 

ill 

£ 

.35 

-.34 

.48 

.49 

4 

.32 

-.12 

.54 

.54 

10 

.54 

-.40 

.08* 

.22 

8 

.34 

-.23 

-.01 

.10 

4 

.40 

.32 

-.26 

.26 

6 

.27 

-.30 

-.28 

-.31 

• 

8 

STUDY  B 


I 

II 

III 

IV 

£ 

"JB 

.52 

.32 

.03 

.28 

.95 

5 

.61 

-.15 

-.24 

.13 

’.40 

32 

.49 

.25 

.29 

.01 

l,o4 

T 

.48 

.27 

.35 

.06 

l.l6 

3 

.19 

.03 

- rl2 

.46 

5 

.12 

••  *02 

•4?. 

-.29 

.23 

6 

-7»- 

sninr  A 

y *T 


1 11 

ill  . 

CB 

r 

1 

.95Bk  -.5239 

.0491 

.4836 

.4836 

11 

-.5239  .W7I 

-.1268 

-.1636 

-.1656 

111 

.0491  -.1268 

.4700 

.3923 

.3923 

simr  B 


z 

n 

lU 

IV 

Cb 

S 

1 

.9038 

.2272 

.1785 

.2250 

1.6145 

1.6i45 

II 

.2272 

.2623 

.1062 

.0951 

.7708 

.7700 

III 

.1785 

.1062 

.4699 

-.1513 

.6033 

.6033 

IV 

.2250 

.0951 

-.1513 

.2133 

.3021 

.3021 
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’jm’jnb 

n 

m" 

ir 

1 

.8355 

.2953 

-.23» 

.WV3 

.0535 

11 

•A969 

-.a5>»o 

-.0616 

111 

3171 

.1218 

-.25<^0 

.3085 

Ch 

.8537 

.1785 

-.0»>57 

.2968 

£ 

.8557 

.1783 

•.ckyt 

.2968 

'• 

• 

X 

n 

m 

XT 

p-i 

.8775 

.34U 

.4283 

.1041 

p-e 

-.2424 

-.1x05 

.4702 

-.4207 

Ch 

.8351 

.2308 

.8985 

-.3185 

£ 

.8331 

.2308 

.8985 

-.3188 

P-1 

P-2 

?-3 

P-1 

.9458 

.2819 

.0413 

p*a 

-.1971 

.8219 

.4890 

Ch 

.7485 

1.0838 

.3303 

£ 

.7485 

1.0638 

.5303 

•as. 

IM)lt  29 


p-l 

P-« 

p-l 

.96^9 

.0491 

P-2 

.0491 

.9939 

Ch 

1.0135 

1.0026 

S 

1.0336 

1.0026 

A 

P-1  .7^70 

p-a  .6^ 


4 

A B 


A 

1.0064 

.0003 

B 

.0002 

.9099 

1.0042 

.9937 

vVd 

.9958 

1.0463 

A 

B 

A 

B 

.9958 

1.0485 

B 

-.aaa 

,lkT0 


Vlti 
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Mbte  31 

STODr  B 

W 


B-1 

p-a 

I 

.7^ 

-.0091 

11 

.2735 

-.6329 

III 

.5258 

.9165 

17 

-.0275 

-1.0655 

Ch 

1.532<^ 

-.6106 

£ 

1.512V 

-.8108 

A B 


I 

.5V72 

-.V99I 

XI 

-.2297 

-.6695 

III 

i.ooei 

.3551 

I? 

-.7288 

-.7775 

Ch 

.5907 

-1.6111 

£ 

.5908 

-1.6110 

-Ch 

s 


-86- 

NU«  32 

^NeB 

. A 

B 

A 

B 

1 .7719 

-.2194 

I 

.5449 

-.3233 

11  -.2351 

.4538 

U 

-.7(>::o 

111  -.8402 

•1.1216 

nx 

.9979 

.3514 

Tt 

••Tzyr 

-.8152 

B -.301A 

-.8872 

£ 

.5884 

-1.6891 

1-356101 

1.512057 

1.871665 

1.554680 

1.615685 

1.535369 

• 

1.270387 

1.238293 

.787162 

.807563 

r 

A 

B 

A 

.7872 

B 

.8076 

•»  ; 
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2.  Bot»tlco  ot  Ax9»  la  th»  Copgnieot 


The  iUuatratioa  ut«d  in  tb*  pi*o«41ag  — ctloa  will  Im 
uMd  In  this  aectimi  alno.  On*  rotation  of  th*  ax**  In  tb*  congruent 
apaea  vtU.  ba  deeorlbad^  Aa  IndleataA  In  Saotlon  If  of  the  body  of  tba 
report,  the  oonputatlfwa  are  of  an  Idantioal  nature  aaA  rotation  fron 
one  sat  of  axes  In  th*  eongruent  space  to  another  aat  of  axoa.  The  I'onui 
given  In  this  aaotlon  can  be  used  for  all  such  rotatlona  of  axes.  ^ 
the  particular  oaae  iUuatrated  and  doscrlbad,  th*  rota1;ica  is  fron  th* 
congruent  factors,  r>  to  a rotated  set,  a.  An  Identical  ecDputatlonal 
procedure  vould  be  used  In  rotating  fron  factors,  a,  to  a set  of  factors. 


Tabls  S3  gives  the  tranafoxnatlon  natrleas  for  th*  desired 
rotation.  It  1*  assuned  that  the  entrlas  In  tba  T.  satrix  have  been 
derived  fron  sane  prooedun  for  deciding  idiere  to  jrotat*  the  axes.  In 
the  present  ease  these  entries  were  datemlned  graphical, l^r  fron  a plot 
of  the  loadings  on  the  two  congruent  factors  in  aooordsno*  with  usual 
graphical  rotation  of  axes  procedures  involving  oblique  axes.  In  the 
example  .described  in  Section  Ti,  the  entries  in  the  7^  natrix  vers 
obtained  from  solving  eats  of  sluultaneous  linear  equations.  Other  aethods 
night  be  employed  to  obtain  the  entrees  in  2^«  The  cosputatlonal  procedure 
to  complete  the  rotation  la  described  in  the  foUoving  steps. 

a.  Sum  the  ooluans  of  7V„. 

rs 

b.  Compute  the  aatrli  product  2^^  by  the  procedure 

de  scribed  in  Section  3,  Baragraph  o.  Becord  the 
results  in  matrix  Table  35  gives  aatrli 

for  the  example.  To  obtain  the  checks,  sultiply  the 

£ row  of  T .by  the  colxuans  of  TL.*  Sun  Uia  columns 
arA  ra 

of  (exclusive  of  the  Ch.  entries)  and  record  In 
the  S row.  These  subs  abould  agree  vlth  tbs  Ch  entries 
within  tZ  in  the  last  decimal  place  carried. 

c.  Compute  the  matrix  product  ^ ®®“*  procedure 

as  in  step  b,  recording  the  reaulta  in  the  natrix  7'j^gB* 


4 


.M 


•90* 


d.  • C««pat«  th*  ••••«  of  aquMM*  of  tht 


tt 

ill 

In  eaoh  oolusn 

tlie  £T^^  row. 

la  oaeh  ooluan 

“•  rSa  "*• 

m 

the 

Xt  and  record  in 

?ln&  tho  ■^uar*  root  aod  roctproeaX  of  tho  •^[aBxo  root  of 

looord  tho 

M **“ 


aaob  entry  In  the-|^£Tf,^ 


rove.  A check  on  thaee  oonputetlona  In  to  ^siltlpjy'  each 


e £ ■^^33)  •0^*7  ^7  'tl»o  correeponilag 
M 


•^(£r*  . 4 £r2  -)t  the  product  ahoald  eonal  the 
a n usA  m MbB  * ^ 


♦ It*  o)  vithln  t?  In  tho  laat  declanl  place  carried. 
* M IDBA  Id  MSB 


h.  Using  the  coltu#n>  nmltlply 

n H 


the  entries  In  matrices  T^t  ^MaB  ^ column  and 

record  the  jresulta  In  the  correapoodiisg  cells  of  the  matrices 
^rs'  ^moA*  "^sB*  entry  for  each  T matrix  Is  obtal 
hy  multiplying  £ entry  by  tho  1//^£t^„4  ♦ ^or  tho 


column.  Sum  each  column  In  each  f matrix  (exclusive  of  the- 
Ch  entry)  and  enter  results  In  the  £ row.  These  entries  In 
the  £ rows  should  agree  with  the  correspinsdlng  Cb  entries 
vlthln  iz  In  the  last  decimal  place  carried. 


1.  Obtain  the  sum  of  squares  of  entries  In  each  column  of  the 


T , matrix  and  record  in  the  £t*  . row.  Sepeat  for  tho 
msA  n 


’msB 


J.  Sum  each  pair  of  corresponding  antrleo  In  the  £t^^^  and 


£t®„  _ rovB>  divide  each  sum  by  2,  and  recoru  In 
14  MSB 


■ !5?3 
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•o^^*’***  «hcml4  equal  unity 

a M 

vlthln  tz  la  the  last  daclml  place  carried  in  the  T aatrlces. 

k.  Coapute  the  oatrlcea  of  loading  of  the  tests  on  the  rotated 
factors,  Fj^  and  Fj^^  (See  Table  36).  Obtain  the  eatrix 
products  and  by  the  procedure  given  in 

Section  Paragraph  c.  A conputaticnel  short  cut  vhich  is 

only  ali^tly  less  accurate  is  to  obtain  the  matrix  products 

Va^’m  Wrs* 


'J 
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TAblt  39 


B 

b 

a 

b 

A 

1.00 

.37 

A 

1.0276 

.4169 

B 

-.05 

-1.00 

B 

-.0617 

-1.1267 

Ch 

.9659 

-.709S 

S 

.9h 

-.63 

z 

.9659 

-.7098 

"^obK  *“  ^mrA^ik 

^dbA 

a 

b 

a 

b 

1 

.6182 

.1*020 

1 

.655a 

.4529 

il 

-.2C‘!i5 

-.1*31*1* 

11 

-.2112 

-.4894 

111 

-.6071 

.6611 

111 

-.6238 

.7449 

Ch 

-.191*3 

.6287 

Ch 

-.1998 

.7084 

£ 

-.191*1* 

.6287 

£ 

-.1958 

.7084 

.792972 

.787561 

^'•La 

.By{21X 

.999507 

B 

B 

Tmb3“ 

m •r 
HiBVb 

T 

a 

b 

a 

b 

I 

.1*51*3 

.5813 

I 

.4668 

.6550 

II 

-.II60 

.5003 

II 

-.15(/» 

.5637 

III 

.co58 

III 

.7697 

.o<rrr 

IV 

-.5313 

.1*1*70 

IV 

-.5465 

.5036 

Ch 

.51*50 

1.5354 

Cta 

.3600 

1.7500 

£ 

.51*50 

1.5354 

£ 

.5600 

1.7300 

- 

I.IOUO8 

.788065 

^Vj*B 

1.162691 

1.000455 

O O 

S M 

.999961 

m M 

.94701*0 

.787713 

.999951 

A+Zt^  n) 

/ ' eibA  „ idaB' 

IQ  M 

.973160 

.887532 

1 •/  i.(2T^  +5;tf,  _) 
a „ msA  „ 2iaB' 
.□  n 

1. 027580 

1.126720 

# 


i 


TU>3«  3^ 

mm  A 

'jiA  * 'mAhA 

• 

b 

1 

-.0060 

.6075 

2 

.0141 

.4l6l 

.4051 

.•Shea 

.3089 

.29^ 

It 

.4267 

-.0729 

6 

.4683 

.0684 

Ch 

1.6151 

1.8557 

C 

1.6131 

1.8557 

STUDT  B 

^J»B  “ ^JHS^SaS 

a 

b 

1 

-.0317 

.5951 

2 

.0175 

.4406 

3 

.3660 

.4381 

4 

.3665 

.4257 

5 

.5956 

.0754 

6 

.4706 

-.0689 

Ch 

1.6064 

1.9062 

£ 

1.6065 

1.9062 

,1 


3 


1 " 

i 
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S*  Patannlnatlon  of  Han-Coognwnt  Ax»» 

Tba  oongruant  factors  satatllsbsd  th*  prsosedlog  procedures  ullJ. 
usually  be  fever  than  the  total  number  of  factor*  In  either  study.  A a«t  of 
non«oongru*nt  axes  Is  to  be  established  In  each  study.  The  number  of  congruent 
fsotore  and  non-oongrusnt  axes  Is  to  equal  th*  toftal  number  of  factors  in  the 
study.  In  Study  B of  the  pair  of  studies  used  la  the  body  of  this  report  there 
vas  a total  of  12  factors.  A set  of  “i  congruent  factors  vers  determine^.*  This 
left  7 factors  to  be  established  as  non*oongrueat  axes.  The  ocnputlng  procedure 
for  establlahlng  the  non-nongruent  factors  follows.  These  directions  vlU  be 
Illustrated  by  a fictitious  example  for  vblch  thare  Is  a total  of  fire  factors. 

Table  37  glres  the  transformation  to  three  congruent  i'aotors.  Tvo  non- 
ccngruont  factors  are  to  be  established. 

a.  Prepare  a vork  sheet  like  the  one  given  In  Table  Sd. 

1)  Sactlone  A,  B,  and  C arc  to  hare  a row  for  each  reference  factor. 

2)  Sections  A arA  D are  to  be  located  Tortlcelly  from  each  other  and 
are  to  have  as  many  cciumna  as  there  ara  factors  In  the  study.  Bead 
the  colusns  1*  2»  5|  etc. 

3)  Sections  B and  I?  are  to  be  located  rerblcally  frcaa  each  other  and 
are  to  have  as  many  ooluims  ae  there  ers  factoi'S.  Head  the  columns 
1 * ^ Z * f 3*1  etc . 

U)  Section  C Is  to  have  coiurnno  for  the  non-congruent  axes.  Head  the 
coliuans  4",  5",  etc.  The  flrat  number  In  this  series  la  one  greater 
t}u>n  the  number  ofconirruont  factors.  Tl)o  last  number  In  the  series 
la  t}ie  nuijoer  of  reference  factors  In  the  study. 

5)  Sections  D and  S ero  to  be  located  horizontally  froifl  each  other  and 
are  to  tove  as  mary  rows  as  there  are  factors  In  the  study.  Head  the 
rows  1',  2',  3',  etc. 

6)  Eecord  unities  In  the  diagonal  cells,  from  upper  left  to  lower  right, 
of  Section  C.  Make  daehos  In  all  other  colls  of  Section  D, 

7)  “.r.xo  dachco  lu  I’l.e  dlag-o:x>i  coils,  from  upper  ieit  to  lower  right, 
and  in  all  ceils  to  the  right  of  the  diagonal  of  Section  E. 

b.  CocT  the  matrix  T . for  T,,  „)  Into  the  loft  portion  of  Soction  A using 

* zurA  MrJb 

as  many  columns  as  thoro  are  congruent  factors.  The  romilnlng  columns  vlll 
bo  left  blank  for  tho  present.  Enter  prevloizely  deterTslneJ.  column  totals 
of  T , In  the  E row  of  Section  A.  Check  the  copying  by  Biuaailng  the  coluans 
of  Section  A,  these  sums  should  agree  vith  the  pravlous  totals  enteral  In 
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tha  SYov. 

c.  Cbtatn  coluan  1*  of  Sact^oa  B. 

1)  Cop7  coliom  1 of  SactlOQ  A Into  colunn  1'  of  Saotim  B.  Enter  tha 
aun  of  column  I frca  tha  £ call  of  column  1 into  tha  Ch  coll  of 
column  1*.  Sun  tha  column  l'(axclualTa  of  tha  Ch  antrjr)  and  raoord 
th>  zaault  In  tha  £ call  of  column  1*.  Tha  antrlaa  in  tha  Ch  call 
and  £ call  of  column  1*  ahoald  agraa. 

2)  Find  tha  largaat  numhar,  ignoring  Blgn>  In  column  1*  of  Section  B 

(ex:lv8lve  of  tha  Ch  and  £ row  antriea).  Uaderlina  thia  numher  and 
make  daahaa  in  tha  remaining  cella  of  tha  rov  of  Section  B In  which 
tha  numhar  la  located.  This  nusibar  la  tha  1*  pivot  entrj.  The  rev 
la  tha  1*  pivot  row.  In  tha  axampla  tha  largaat  ninaher  In  column  1* 

of  Section  B la  .6612  In  row  Iv.  Thla  la  tha  1'  pivot  antr;  and  rov 

Iv  la  tha  ' pivot  rov. 

d.  Ccciputa  column  2*  of  section  B:  , 

1)  Cemputa  the  entry  In  Saotloa  X row  S'  col.nn  1'  by  dividing  Ilia  entry 

of  Section  A column  2 in  tha  1‘  pivot  row  by  the  1'  pivot  enijry  and 
recording  tha  result  with  ravarea  olgn  In  the  Section  E row  5!'  col'min 
1'  call.  In  the  axemplaj  the  entry  of  Section  A column  2 In  the  1* 

pivot  row  la  .3!*21.  Divlalcn  of  .5Jf21  by  .6612,  tha  1'  pivot  entry, 

yields  .517*^  which  la  rerordad  In  Section  E rov  2',  column  1'  with  a 
nagatlva  sign.  ' 

2)  Ccmpiate  each  entry  In  Section  B column  2'  by  multiplying  each  rov  of 
Sactlcna  A and  B by  Sactiona  D and  E row  2 ' . For  the  entry  In  Section 
B row  1 colucai  2',  multiply  rcrl  of  Section  A and  B by  row  2'  of 
Section  D and  E.  Only  columns  8 of  Section  A and  1*  of  Section  B 
wi3.1  be  involved  elnca  rov  2*  of  Sections  D and  S baa  antriea  In 
these  colvccna.  In  the  example,  rov  1 

(.4175)(i.ocoo)  ♦ (.ib93)(-.517‘*)  - .5454. ' 

Koto  that  the  entry  In  tha  1*  pivot  row  ohenild  be  xero  and  need  not 
bo  recorded.  If  thla  entry  in  the  1'  pivot  row  la  not  zero,  the  entry 
In  Section  S row  2'  colusan  !•  la  Incorrect. 

S)  Compute  product  of  £ row  of  Soctlona  A and  B and  row  2'  of  Sections 
D and  S and  record  the  result  in  the  Ch  cell  of  Section  B column  2'. 
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k)  Sub  th«  autriss  In  Saotlca  B colvn  S'  (axoluslTO  of  tha  Ch  Otrtrjr) 
and  record  tha  reault  In  the  C rov.  Tha  Ch  and  £ antrlaa  should 
agree  vlthln  tS  of  the  laat  declael  plaoa  carried. 

;})  Salact  tha  largaat  antr7>  Ignoring  algn,  in  Section  B column  2' 
(axcluaiva  of  Ch  and  £ antrlaa).  Thla  la  tha  2*  pi  rot  antrjr  and 
la  to  ha  undarlinad.  Hake  daahee  in  tha  remaining  cells  of  Section 
B In  tha  rov  to  tha  rlgh^  of  the  2*  pivot  entry.  Tha  rov  containing 
the  2*  pivot  entry  ia  the  2'  pivot  rcw. 

Cosputo  column  S'  of  Section  B: 

l)  CaBintLa  the  entry  in  Saotlon  S rov  S'  column  1*  by  dividing  the 

entry  of  Sactlm  A column  3 in  the  1*  pivot  r.Tv  by  tha  1*  p5vot 
entry  and  recording  tha  reault  with  opponlta  si^t  in  tha  Section 
S rov  3'  column  1’  call.  In  tha  mxaai’^la,  la  tha  antry  of 

Section  A column  3 In  the  I'  pivot  i*av  (rov  Iv  vhloh  contalna  tha 
underlined  1*  pivot  entry  in  Section  B column  1').  Thens 

- (*.7365)/  .5612  • 1.1159. 

2)  Kul'.lply  the  2'  pivot  rov  In  Sectlona  A and  B by  the  portion  of 
Saotlor.3  P and  K rew  S'  that  haa  been  dotemlned,  divide  the  reault 
by  tha  2'  pivot  entry  and  record  the  reault  vlth  revarse  sign  in  the 
Section  E rov  3'  column  2'  cell.  For  the  exnnplo,  multiplication  of 
Seotloaa  A and  B rov  111  (the  2'  plrot  rov)  by  Sartlona  C and  D rov 
5',  divlelon  by  the  2'  pivot  entry,  and  revereal  of  elgP  yleldai 

[(.03ii9)(l.C>C00)  ♦ (-.5023) (1.1139) ] / .9WI  - - (-.52h6)/  .9't01 

- .5555. 

•Thi!.’  result  ia  recorded  In  Sactloo  S rov'  3'  column  2'. 

3)  Multiply  each  rov  of  Soctlone  A and  B by  rev  5'  of  Seotlonf.  D and  S 
and  record  the  reeulta  in  Sootlca  B coIiot.  3'.  In  the  axacple, 
multiplication  of  rov  1 of  Sectlocs  A and  E by  rov  3'  of  Sectlona  D 
ar.i  E yields ! 

(.3571)  (1. 0000)  + (.1393) (1.1139)  + (.3451) {.5533)  - .7054 

vhlch  Ifl  recorded  In  Section  B rev  1 column  3'.  note  that  the  entries 
in  the  1'  and  Z'  pivot  revs  ehoald  t-e  zero.  It  either  of  these  entries 
is  not  zero,  the  antrloo  In  Section  S rov  3'  are  incorrect. 


4}  MttJtlpljr  th*  £ row  of  8«etlon«  A and  B bjr  tba  S'  row  of  Soctlma 
I>  and  S and  record  tha  reault  In  tba  Ch  call  of  Sactlon  B oolum  S'* 

5)  Sub  tha  antrlaa  In  Sactlon  B ooluoa  S'  (axclualra  of  tha  Ch  row) 

and  reoorvl  tha  result  In  tha  £ rov.  Tba  Ch  and«£  entries  should  agraa 
vltbln  12  of  tha  last  daclaal  jilsca  carried. 

£)  Salsot  the  lajsssst  watrf,  Ignoring  algn«  In  Sactlon  B ooluon  S ' 
(exoluslva  of  Ch  and  £ entries)  . This  la  tha  S'  plrot  antrjr  and 
la  to  ha  undorllnad.  Maks  dashes  In  tha  renalnlng  calls  of  Sactlon 
B In  tha  row  to  tha  right  of  the  S'  pivot  entry.  Tha  rov  contalnlxig 
tha  S'  pivot  entry  la  tbs  S*  pivot  rov. 

f . CoQputa  raoalnlng  oolunxis  of  Section  B corresponding  to  columns  of  Section 
A containing  congruent  factors.  In  tha  present  example  there  vers  three 
congruent  factors  end  ths  conputatlons  of  columns  of  Ssotlon  B vlU  stop, 
tharefore,  with  column  3*.  If  ths  aatrlx  had  seven  columns,  tbs 
computations  vould  continue  through  ooliion  7*  of  Section  B.  (During  the 
process  of  detoralnlng  noa>oongruent  ares,  corresponding  colums  of  Sectlca 

B vlll  be  detexmiined.  In  the  example  the  non>oongru«nt  factor,  later 
recorded  In  column  k of  Section  A,  vas  used  In  obtaining  column  4*  of 
Section  B.  These  steps  are  subsequent  to  tha  present  step.)  Follow  ths 
procedure  outlined  In  the  foregoing  step  e.  For  each  additional  column 
added  to  Section  B there  Is  an  additional  entry  In  the  coiTsspondlng  row 
of  Section  X.  Step  eS  gives  the  general  pi-ocedure  for  determining  ths 
entries  in  ths  Section  X row. 

g.  Determine  the  first  non-congruent  axis. 

1)  Secord  rnilty  la  the  flret  column  of  Section  C In  some  rov  that  is 
not  a pivot  row.  In  ths  axsaple  column  4'  had  not  l>55n  rsoerded  in 
CectiKi  B nrd  rov  1 van  not  a pivot  Vov.  unity  hub  recorded  In  rov  1 
of  Section  3 oclujaa  4".  (Ttis  r-ov  selected  le  lltoly  to  become  the  next 
pivot  rear  vhen  oo^cputatlone  return  to  Section  3.) 

2)  'Hneord  Eeroe  la  tha  flrot  oolusci  of  Section  C in  other  rows  that  are 
nui  pivot  rove,  in  the  example,  .0000  was  recorded  In  rov  11  of 
8eotlt»i  C column  4". 

S)  Multiply  the  flrot  colitaa  of  Section  cCualng  those  entries  already 
recorded)  by  tba  last  colum  recerdod  In  Section  B,  dlfj.de  the 
result;li-.g  sum  of  products  by  the  pivot  entry  la  the  column  of  Seoticai 
B,  and  record  with  reverse  slfcr.  In  the  oon'espor.iirvi,  pivot  row  .In 
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8«otiaa  C flnt  oolnoo.  la  th«  •xMpl«i 

a)  SaotloD  C ooluna  4*  ma  Bultlpllad  bjr  Svotloa  B coluan  S'l 
plslAlngt 

(.705^) (1.0000)  ♦ (.l»98i4)(.000)  - .705l|. 

I))  Thla  roBult  ma  dirldad  bp  tha  S'  plrot  antr/t 

.7oai»/( -1.0263)  - -.68514 

c)  Tha  BigQ  of  tha  result  vas  chaogsd.  and  the  .6854  * raoorded 

in  Section  C coli^  I4"  in  row  r,  tha  S'  pivot  rov. 

4)  Multlpljr  the  first  ooliaan  of  Section  C bp  tha  next  to  last  oolunn  recorded 
in  Seotlon  B|  divide  the  resulting  sua  of  produots  bp  the  pivot  entrp 

in  tha  colvuon  of  Section  and  record  the  result  with  oppoelta  sign 
in  the  pivot  rov  in  tha  flrct  ooluan  of  Section  C.  In  the  exaapla/ 
colursn  4"  of  SeotivXi  C me  sultiplied  bp  column  2'  of  Section  B. 

The  result  vas  diridel  bp  tha  2 'pivot  entrp  (in  rov  lii)  end  this 
reoult  VHB  recorded  with  o.-'poaite  aign  in  Section  C colusin  4*'  rov 
ili,  the 'd'  pivot  rov. 

-0(.S454)(1.00CC)  (-.6138) (.0000)  + (-.4ll4)(.6354)]  /.948l 

» - (.o63;.2644)/.9481  - -.0669 

5)  CcntiuuB  the  procfegB  doocribed  in  eteps  3 and  4 wording  bftok  one 
co3  jrn  of  Section  B each  tiso  end  recording  the  result  in  the  pivot 
r-jv  in  the  firet  colusa  of  Gecticn  C.  All  entrioe  in  the  coluwi  of 
Section  C will  then  be  detenalned. 

6)  SiUJ  the  flrot  coluinn  in  Section  C and  record  the  rjcult  in  the  £ 
rov, 

7)  Obtain  the  oun  of  E.i\iarea  of  tha  entrlea  In  the  first  colunn  of 
Sf--;ticin  C (excluelvB  of  the  £ entrp)  and  record  the  reoult  in  the 
lof®  row. 

8)  Obtain  th.c  square  root  of  the  onti*/  in  tho  £c®  I'ow,  recotdlrig  in 
thei/S^  r-cy,  and  the  reciprocal  of  the  square  root,  recording 

in  t';j  row.  Tbasa  co^iputatloas  rap  be  c.beoV,«d  bp  Kultlplylng 

tho  1/Y  entrp  l-v  the  entry,  the  result  oiiould  agree  with  the 
y 1^'  entr?  vithin  *2  of  the  Icet  decSriil  place  carried, 

9)  h.iltlulp  s'ii  h entry  in  tha  coIusjh  of  Suction  C bp  the  entry 

arc  xecr'ol  In  the  cc.r'..eBp-^"'jdi.,g  coi’-r-.n  of  Section  Pccuixo  froti 
ccl-  :n  t"  of  Cecc'oa  C verc  reccAh.-i  in  coliavn  4 of  Sc'^tlon  A.  To 
c'r.'.’^k  tr-T-d  ■■  '.titly  the  Z entry  in  the  cojutn  of  Section  C 
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b/  th*  ij/s?  *nd  In  thn  Ch  row  of  th*  Sootloa  A ooluan. 

Sum  tho  Mitrlos  In  tb«  Beotlcn  A ooluzm  (exolUMlr*  of  tbo  Cb 
•ntrj)  and  rtoord  In  tbo  £ row.  Tbo  Cb  and  £ ontrloo  ohoiild 
agroo  vltbln  *Z  ot  th»  laat  dociaal  placo  carrlod. 

10)  Obtain  tbo  oun  of  oquaroa  of  tbo  ontrloo  in  tho  nov  Bootlon  A 
ooXunn  and  racord  tbo  raoult  In  tho  £t*  rov.  Thlo  ontry  ohould 
oqual  unit/  vlthln  In  tbo  loot  doolaal  plaoo  oarrlod. 

11)  Chook  that  tba  product  botvoen  tbo  nov  ooluan  of  Bootlon  A and 
and  aaoh  prooaadlng  coluan  of  Bootlon  A lo  tero  vltbln  11  of  tbo 
laiit  doolaal  placa  carried. 

b.  Coaputa  a nav  oolnan  of  Bootlon  B for  tho  ooluan  added  to  Bootlon  A. 

Follov  the  procaduT'o  outUnod  In  atop  o.  Aloo  aoo  coaoBonta  on  proooduro 
In  Bootlon  f . 

I.  Conputa  a nov  colxszn  of  Section  C for  tbo  next  non-oongruont  axla.  Bepoat 
atop  g Interpreting  tba  dirootlons  to  Indicate  tbo  aocond  non-congruant 
axla  vereror  tho  firat  noa^congruont  axla  lo  aentlonod. 

J,  Bepsat  atepa  h and  i tor  rcbesqu-int  non-osngruent  azea  wtll  all  ooluana  of 
Bootlon  A ar«  ccspleted.  Tho  ooIurob  added  to  Bootlon  A contain  tbo  direction 
oosines  of  tho  noa«oocgruent  axoo.  These  coIubcb  aay  bo  copied  Into  a 
■^arsA^®*"  aatrlx  eucb  ao  lo  glren  In  Tablo  6. 
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SRASSrCFMATIOlt  TO  COSGRUEHT 
FACTORS  FOR  A FlCTinOUS  KXAMELl 
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Dotaralcatlon  of  lAtont  Boots  and  7«otora 


OlTon  a sTMaotrlc  a&trix  Aq,  such  ••  In  Table  59,  It  la 
ieaired  to  cooputa  a aatrlx  of  latent  vectors  and  the  oorreaponAlng 
latent  roota.  The  aatrlx  A.^2  ^ Table  t5  is  a cloae  approzinatlon 
of  the  matrix  of  latent  vectors  for  the  ozaaple.  The  diagonal  entries 
in  matrix  of  ^ble  t3  are  close  approxlmatlona  to  the  latent  root:* 
for  the  example.  The  method  to  be  described  is  an  adaptation  of  the 
eucceaaive  rotatloca  method  dersloped  b/  Tinaan  L.  Salley  (1^). 

Each  rotation  transforasa  the  axes  to  closer  approximations  to  the 
latent  veonore,  vlth  any  desired  degree  of  precision  being  obtained 
by  takli:g  isora  rotations.  It  may  be  necessary  to  carry  more  deciAsl 
places  In  later  rotations  to  reellte  the  potential  preolalon.  In  the 
example  only  tvo  rotations  were  computed  to  obtain  a fair  degree  of 
precision.  Meet  aelient  f sutures  of  the  procedure  are  llluotrated 
however. 

Tables  tO  end  41  contain  the  cccputatlons  for  the  first 
rotation  an.d  Tables  42  end  45  contain  the  coKpututlcns  for  the  second 
rotation.  Each  rotation  starts  from  on  A isatxix  aiid  produoea  a revlaed 
A Bctrlx.  Fotatloa  1 started  from  the  A^  a.trlx  of  Table  59  and  produced 
the  matrix  In  the  lover  right  of  Table  4l.  Rotation  2 started  from  the 
Eatrli  and  produced  the  A2  matrix  In  the  lower  right  of  Table  45,  Bote 
that  each  of  tfcene  A sntrlcoa  Is  sjiasetrlc  (each  row  of  the  tx’.trlx  has 
idnetlcal  entries  with  those  of  the  correepcradlug  column).  The  largest 
entries  are  in  the  diagonal  fren  upper  left  to  low^r  rlg^it  and  frea 
z'ct-.tioM  to  r>:t-itloa  tiis  off-dlavcrjcl  entries  are  bocotolng  etoilinr.  The 
soxv.tio;'.  occum  vh-jn  the  off-dlagoral  entrlv  ^ become  eoro.  The  diago.'oal 
entries  »ro  then  the  latent  rcota.  slach  rotation  has  a rairix  re.latlng 
the  A r.‘  tr^x  produced  by  that  rots t ion  to  origlniil  uatrlx.  Tie 
A^j,  cc-crlx  for  the  flrvt  rotation  la  in  trs  upj-sr  loft  of  Table  4.1. 

The  A„«  aaurir  for  i-otetlon  2 la  In  t'.’.a  up;er  left  Of  Tab.le  45.  When 
xne  cf f-d  lagonal  aatriea  in  the  A mnurti  era  zero,  the  A ratrlz  contains 
the  latent  rectors. 

In  the  fell  crying  dlivsctlons,  only  ms  rotation  will  ho  covered 
oxplicltiy.  It  1j  erj.-cted  that  e.8  many  rotaticna  will  bo  Viken 
as  nccoeeary  to  sc*‘.i  pr<=!c'!:l..'ri  d".:ir;l  for  any  particular  eolution. 
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a.  for  Mck  rotation  praparo  a set  of  vork  ahaats.  Tablaa  40  and.  4t 
iUwatxata  tha  aat  up  for  Vork  Shaat  1,  Tablaa  4l  and  43  lUustrata 

tha  aat  up  for  Vork  Shaat  2.  Xaoh  aatrix  in  thaaa  fork  ahaata  la  to  I 

i 

'b«  Him  MSMi  tit*  at  th«  mtrlx  j 

^ i 

I 

b.  Obtala  tba  entrlaa  In  tha  B aM  C mtrlcaa  fron  tha  praoaadlng  A aatrix.  i 

for  Botation  1 tha  A^  matrix  la  UBad>  for  Botatlon  2 tha  A^  satrlx  la  uiiad> 

ate. 

1)  find  tha  largaot  off*dlagonal  antry  Irraapaotlva  of  al^i  balov  tha 
diagonal  of  tha  praoaadln^'j  A matrix.  In  Botation  1 of  tha  axanpla^ 
the  largeet  entr;^  ignoring  alga>  below  tha  diagonal  of  matrix 
in  Tabla  39  la  In  row  ^ and  column  2. 

a)  Subtract  the  diagonal  entry  for  tha  row  of  the  aalaotad  off> 
diagonal  antry  frcsi  tha  diagonal  for  tha  column  of  tho  aolactad 
off -diagonal  entry,  for  tha  eiaaplaj  tha  diagonal  of  row  5 la 

tha  diagonal  of  column  2 la  1.21>  subtracting  1.^9  frcai  1.21 
ylelda  -.54. 

b)  PlYlda  tha  difference  in  diagonal  antrlea  by  tha  off-diagonal  entry» 
Ignoring  tha  sign  of  tha  off -diagonal  entry.  Becord  tha  raault  In 
tha  cell  of  matrix  B oorresjP'Onding  to  the  eelected  off-diagonal 
entry.  Kota  that  the  eign  of  the  result  will  depend  only  oa  tha 
clgn  of  the  difference  between  tha  diagonal  eotrlea;  thuBy  If  the 
diagonal  entry  nearer  the  upper  left  la  larger  than  tho  diagonal 
entry  tovnrd  tha  lover  right,  the  sign  la  plus;  if  tho  reyeree  is 
tnie,  that  la  of  the  two  diagonal  antrlea,  tho  asoond  diagonal  entry 
fren  Upper  left  to  intfor  right  la  the  larger,  the  algn  la  nagitiye.  I 
For  the  eranplo: 

-.34/.58  *-.59 

which  la  racorfled  In  tlio  matrix  ros  5 and  column  2 cell, 

Th.e  algn  ia  nluuo  because  tho  second  d lagona.l  entry  ai  matrix 
A.  la  loaa  than  the  fifth  diagonal  entry.  The  entry  In  row  3 
and  column  1 of  isatrii  illustratea  the  cnee  when  the  entry 
ia  positive.  The  firut  diagonal  entry  of  mitrlt  le  larger 
than  the  third  dic0Dr.pJ.  entry  of  matrix  Aq.  Tho  algn  of  tho 
-.10  In  row  3 and  col-UKit  1 of  matrix  la  Ignored. 
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Tr<m  Table  44  find  the  o Talue  oorreapondlng  to  tba  b entry 
in  the  B aatrlz.  The  of  the  entry  In  the  B matrix  la 
ignored  la  finding  the  correapoodlng  c ralue.  For  the  example: 


the  .99  froB  rent  ^ and  column  2 of  matrix  la  In  the  Interral 


of  b valuea  of  Table  44  of  for  vhlch  the  oorreapondlng 

o value  la  .7^. 

In  case  the  entry  In  the  B matrix  la  pluBj  record  the  a value 
fcttol  In  atep  o In  the  corrosponding  off-diagonal  cell  of  the 
matrix  0 vlth  the  sign  of  the  correapor^lng  entry  In  the  A matrlXt 
Bocord  unities  In  the  oorreapondlng  diagonal  calls  of  the  C matrix 
and  copy  the  off-diagonal  entry  reversing  algn>  Into  the  B;uimetrlcal 
cell  above  the  dls'-nal.  For  an  sxainpla  note  the  entries  In  rova 


1 and  3 and  columns  1 and  3 of  matrix  In  Table  4O4 


) In  case  the  entry  In  the  B matrix  la  mlnua,  record  the  0 value 
In  the  tvo  corresponding  diagonal  colls  of  the  matrix  C>  Becord 
unity  In  tba  corresponding  off-diagonal  coll  of  matrix  C and 
asBlgn  It  the  sane  sign  as  the  off -diagonal  entry  in  matrix  A> 
and  record  unity  vlth  the  opposite  sign  in  the  syimatrlo  cell 
above  the  diagonal  of  matrix  C<  This  step  vas  followed  for  the 
entrlea  in  rove  2 and  ^ and  columns  2 and  ^ of  the  matrix 


In  Table  40. 


If  the  off -diagonal  entry  In  a C matrix  is  .30  or  larger, 
ignoring  alga,  the  rows  and  cclumus  of  the  enti^  are  to  be 
excluded  from  further  consideration  In  determining  other 
eutriea  la  the  3 and  C sa trices.  This  is  true  for  the 
exa>nple  where  the  largest  off-diagonal  entry  In  Tuatrlx  A^ 
was  in  cav  5 and  column  2 which  yielded  off-diagonal  entries 
of  unity  in  matrix  The  rows  and  columns  2 and  5 

vers  then  excluded  from  the  following  steps  in  determining 


other  entries  In  oatrlx  C- 


In  the  case  of  the  second 


rotation  none  of  the  off -diagonal  entries  in  matrix  C. 


of  Table  42  were  ,30  or  larger  and  no  rows  or  columns 


vcii  iio.a  furtuor  co-jaldoratlcn  In  determining 


other  entries  in  the  natrlx.  Aa  a concequence , 
several  off-dlsgonal  entries  appear  In  each  column  of 
veatrlx  Vhenever  ttie  C matrix  off-diagonal  entry  Is 

,30  or  larger,  only  this  off-diagonal  entry  should  appear 
in  its  row  or  colum  of  mtrix  C. 
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2)  8»l«ot  th«  ntxt  to  tho  highest  olT-dlsgooal  sntZ7/  irrsspsotlve  of 
•1^,  hslov  the  diagonal  of  the  A natrlx.  So  not  oooaldsr  anjr  anti^ 
in  a row  or  oolunn  that  has  hsan  sxoludad  frta  further  eooslderatloa 
la  stop  1-f . In  the  sxanpls«  In  dotation  1 rows  2 and  5 and  ooluans 
2 and  5 were  excluded  frca  further  oonslderatloa  In  step  1-f.  The 
next  highest  off-dlagonal>  Irrespective  of  tiffi,  In  aatrlx  of 
Tahle  S9  In  the  rows  and  ooluisna  1/S^  and  U remaining  la  -.10  la 
row  3 and  ooluan  1.  The  -.11  In  row  5 and  column  S Is  not  to  be  ' 
considered.  When  the  off-dlagcnal  sntrjr  has  been  selected^  follow 
the  procedure  of  steps  1-a  to  1-f  In  obtaining  the  entz7  In  natrlx  C. 

In  Botatlon  2,  the  hipest  off-diagonal  entrj  Irrespective  of  sign 
cf  satrlx  of  Table  4l  wao  -.10  In  row  k column  1.  This  yielded 
an  off -diagonal  matrix  Table  32,  entry  of  -.12.  Since  this 

entry  was  not  large  enou^.  Ignoring  sign,  to  cause  the  exclusion  of 
rows  and  columns  1 and  h,  the  entry  of  .0^  In  row  h and  column  2 of 
matrix  A^^  could  bo  selected  second.  This  yielded  an  entry  of  .11  In 
row  4 and  column  2 of  aatrlx  Cj|^.  Tha  aalaetlon  of  antrlea  In  tha  A 
matrix,  from  high  to  low,  and  aubsaguent  detemlnatlon  of  entries  In  the 
C aatrlx  la  to  continue  until  there  are  no  Kore  off-diagonal  ant)  lea 
In  natrlx  A from  which  to  select. 

A special  case  exists  whan  a C natrlx  entry  of  .30  or  greater, 
Irrespective  of  sign,  occurs  on*  later  selection  of  off -diagonal 
entries  in  matrix  A and  there  la  already  an  entry  In  the  row  or 
column  of  thle  entry  In  the  C matrix.  In  thla  case,  this  entry  la 
net  to  be  recorded  and  the  rows  and  ooIubzis  In  vhloh  It  la  located 
arc  to  be  excluded  from  further  consideration  in  tha  selection  of 
additional  entries  In  matrix  A. 

c.  Compute  the  entries  in  the  T aatrlx.  In  Botatlon  1,  Table. hO,  matrix  Tqj^ 
is  Identical  with  matrix  which  Is,  therefore,  to  be  copied.  In  all 
sub3®<iuent  rotations  the  T matrix  Is  to  bo  obtained  by  multipUoatlon  of 
of  the  proceeding  A matrix  by  the  present  C*  matrix  (see  Section  5,  paragraph 
c for  the  procedure  in  multlnUcetlon  of  mstriesn).  In  Ectatioa  2,  Aqj^ 
for  Botatlon  1 In  Table  4l  Is  multiplied  by  matrix  in  Table  42  to 
produce  catrlx  of  Table  42.  In  obtaining  the  Ch  row  of  matrix  T, 
multiply  the  2 row  of  the  preceding  A matrix  by  the  columns  of  the  C matrix. 
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Aotaikloa  tlia  •um  of  tbe  oolxonui  of  tbe  C aotrlx  nr*  to 
rveordied  ia  tlie  Ch  rov  of  mtrix  A*  *»*•  of  the  eolunoo  of 

bli*  T vtrlz  (excluBlve  of  the  Ch  eatriei)  are  to  he  recorded  la 
ttw  £ rov  aod  ehould  agree  with  the  entriea  In  the  Ch  row  within  12 
sf  the  iMt  decinal  place  carried.  After  the  oatrlx  T hat  been 
detcndned^  the  rows  aoi'e  to  he  aimed  and  the  results  entered  in  the 
£ colom.  The  subs  can  be  checked  hy  suBising  both  the  Z row  and  the 
Z colwa.  ^niese  two  suae  should  agree. 

:crapute  the  Z lastrlx.  For  an  exonple  see  Table  1»2. 

Obtain  the  flrsL  colum  of  the  Z mstrlx. 

a)  Obtain  the  bus  of  squares  of  the  entries  in  the  first  ooluan 
of  matrix  T aod  record  the  result  In  the  first  row  ar4  first 
colman  of  vatrlx  S. 

b)  Obtain  the  euai  of  products  between  the  entries  In  the  first 
colusn  and  second  oolunn  of  matrix  T and  record  the  result  in 
the  second  Ttm  and  first  column  of  matrix  S. 

c)  Obtain  the  sun  of  products  between  the  entries  in  the  first 
column  and  each  of  the  remaining  columns  of  Matrix  T and  record 
the  results  in  the  coireepc>'.ding  rows  and  coluitin  1 of  matrix  Z. 

d)  Obtain  the  cum  of  products  between  the  entries  in  tbs  first 
column  and  the  Z column  of  matrix  T and  record  the  result  in  the 
Ch  row  and  column  1 of  matrix  Z. 

s)  Siun  the  ontrieB(excluuivo  of  the  Ch  entry)  In  the  first  column 
of  matrix  E and  record  the  result  in  the  Z rov  and  column  1.  The 
Ch  entry  and  the  Z entry  should  agree  within  *2  in  the  last 
decimal  place  carried. 

f)  Vhen  the  entries  la  ths  first  ooluem  of  matrix  K haws  been 
checked  la  stop  e.  these  entries  say  be  copied  into  the  first 
rov  of  matrix  E. 

2)  Obtain  each  of  the  other  columns  oftho  matrix  E by  finding  the 
asms  of  prod.uots  between  entries  in  the  correspondii^g  colum  and 
each  of  the  other  coluians  of  matrix  T.  Tlie  sun  of  squares  of  outi'les 
la  each  column  of  matrix  T is  to  bo  recorded  in  the  corresponding 
dla^cnal  cell  of  matrix  E. 

3)  Double  each  diagonal  entry  in  matrix  E and  record  the  result  in  the 
corrcsjyondlng  coll  of  colurn  2o  To  check  this  work  obtain  the  sum  of 
the  diagor-al  entx-ioa,  double  this  sum  and  record  in  the  Ch  coll  of 
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oclumn  Bum  tha  antrlas  ia  tha  ooIudq  Za^^  and  racorl 

tha  result  in  tha  £ call  of  tha  ooluon.  Tha  antrlaa  in  tha  Ch 
call  and  £ call  ahould  agree. 

4)  Obtain  tha  square  root  of  each  dlagottal  entry  In  matrix  X and  record 
tha  results  in  tha  row. 

Obtain  tha  raciprocala  of  tha  square  roots  determined  in  step  4 and 
record  in  tha  VVaj^  Multiply  each  diagonal  entry  by  tha 
corresponding  VVaj^.  This  product  should  agree  with  tha  Vaj^ 
within  iZ  In  tha  last  decimal  piece  carried. 

Obtain  tha  ? matrix.  For  an  example  ms  Table  42. 

1)  Copy  the  antrlas  into  the  diagonal  cello  of  jmtrlx  J, 

2)  Multiply  each  off  •diagonal  entry  in  matrix  X by  the  l/V*^  at 
the  bottom  of  tha  column  containing  tha  entry,  dlrida  this  product 
by  tha  Ze^j  at  the  right  of  tha  row  containing  the  entry,  and  record 
tha  result  with  rsTorsa  sigi  in  tha  corresponding  call  of  matrix  F. 

For  example,  tha  en^ry  in  row  2 and  column  1 of  tha  matrix  X,  in  Table 
42  Is  multiplied  ’ty  tha  l/v^^  entry  at  tha  bottom  of  colvam  1* 


, -.0110  X .9726  • - .01069660, 

this  result  Is  divided  by  tha  2a^^  in  row  2s 

-.0106980/2.2140  • -.0048, 

which  la  recorded  with  oppoeita  sign  in  row  2 column  1 of  tha 
matrix  y^. 

S)  Obtain  each  antty  in  the  Ch  column  by: 

c)  Multiplying  by  S the  sqijiaTe  root  of  the  diogouHl  entry  in 
the  corraepondlng  row  of  matrix  X (this  square  root  can  be 
found  ia  tha  ia  the  ooluisn  of  the  diagonal  entry), 

b)  Subtracting  fi^aa  the  pi'oduct  of  step  a,  the  sum  of  produota 
between  the  entries  In  the  row  of  matrix  S and  the  entries  In 
In  the  l/yTj^  row  (Including  tha  diagonal  entry),  and 
0)  Dividing  this  rewit  by  tha  ^a^^  for  tha  row. 

Tha  ooaputatlor.H  for  the  first  Ch  entry  in  matrix  Fg  In  Table 
42  ora  derived  frem  tha  first  row  of  matrix  Xg. 

5 X 1.0282  - [{1.0571) (.9726)  + {^UO){9505) 

.+  (.0505)t962l)  + (*.0205)  (9775) 

+ (.0080)  (.9928)]-  2.04966926 
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2.04966926/2.3142  • .9695 

(The  auhtractlona  In  step  b naj  be  accomplished  by  adding  the 
products  with  the  algns  of  the  entries  In  the  T matrix  row  reversed.) 

4)  Sob  the  entries  (exclusive  of  the  Ch  entry)  In  each  row  of  the  matrix  T 
mad  record  the  result  In  the  £ column.  The  Ch  entry  and  the  £ entry 
should  agree  within  l2  In  the  last  decimal  place  carried. 

f . Coopate  the  A matrix  by  multiplying  the  T matrix  by  the  F matrix.  (See 
Section  9,  paragraph  0 for  the  procedure  In  multiplication  of  matrices.)  In 
the  exssple  matrices  &nd  F^  ^ Table  42.  Their  product  Is  matrix  A q2 
of  Table  4S.  The  columns  of  the  A matrix  are  checSced  by  multiplying  the  £ row 
matrix  T by  matrix  F erd  recording  the  results  In  the  Ch  row  of  the  A matrix. 

The  entries  (exclusive  of  the  Ch  row  entries)  in  the  columns  of  theAmatrix  ara 
to  be  sjEtsad  and  the  results  entered  the  £ row.  The  Ch  entries  and  the  £ 
entries  should  agree  within  12  In  the  last  decimal  place  carried.  Sum  the  rows 
of  theAmatrix  and  enter  the  results  In  the  £ column. 

g. ^  Compute  the  entries  In  the  A’Ajmatrix  following  the  procedure  given  In  step 

d for  the  £ matrix.  The  diagonal  entries  in  the  A*|i  matrix  should  be  unity 
within  t2  in  the  last  decimal  place  carried  In  theAmatrix  and  the  off-diagonal 
entries  should  bo  zero  with  this  same  degree  of  accuracy. 

h.  Compute  tho  matrix  product  A^Aby  multiplying  the  matrix  by  tbeAxatrlx. 

(Sea  Section  5,  paragraph  c for  tho  procedure  In  multiplication  of  matrices.) 

Chock  too  rows  of  the  product  matrix  A^A  by  multiplying  each  row  of  tho  matrix 

tho  E coluziui  of  the  Amatrlx  and  recording  tho  results  In  the  Ch  column. 

Sum  tlis  entries  (exclusive  of  tho  Ch  entry)  In  each  row  of  the  paroduct  matrix 
AjjAsnl  record  tho  result  la  the  £ column.  The  Ch  and  £ entries  shoild  agree 
within  of  the  last  decimal  place  carried. 

1.  Caaput-e  -the  new  A matrix. 

i)  Ksiltiply  each  colximn  of  the  product  matrix  A^a  by  the  first  coliasn  In  the  A 

asitrix  nnd  recoi’d  the  I'esult  in  the  cell  of  tho  first  row  of  A correspondlrg 

to  the  nolijmn  of  A..  Also  imiltlnlv  the  £ column  Of  A.,  by  tb*  first  column 
0 ' w 

of  the  A matrix  and  record  the  resxilt  In  the  first  row,  Ch  column  of  matrix 
A.  Sum  the  entries  (eiclualve  of  tho  Ch  entry)  In  the  first  row  of  tho 
mew  A matrix  and  record  the  result  In  the  £ column.  The  Ch  entry  end  the 
Z entry  should  agree  to  within  ±2  of  the  lest  decimal  place  carried. 
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Conpute  tho  rmMlnlog  rove  of  th»  a*v  A ntrlx  ualn^  tho 
oorraepondlng  colusna  of  thoAaatrlx  and  follcwlng  tba  prooadurd 
daaoribed  in  atop  I.  Tha  A aatrlx  ahould  ba  aTanatrlo  If  anou^ 
daolaal  placaa  vara  carrlad  In  tha  product  aatrlz  A^A  • It  vould 
ba  prafarmbla  to  carry  sufflolant  daeiaal  placaa  In  this  natrix 
product  to  anaura  that  tha  natrix  A vould  ba  aynmatrlo.  Than,  vhan 
ona  rov  of  t&atrix  A has  bean  cenputad  and  ohackad,  tha  antrlaa  In 
that  rov  nay  bo  copied  Into  tha  oorraepondlng  eolunn. 
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5.  Motea  on  Matrix  Coaputatloo 

Tha  computing  procoduraa  In  tha  foragolng  sactlona  hava  taan  atatad 
in  terms  of  a few  standard  matrix  computations  dascritad  in  this  sactton.  IhmiXiariti- 
with  tha  following  matrix  computatioiial  msthoda  viU  ha  of  i^istinot  asalatanca  In 
understanding  the  directions  in  tha  first  four  sactlons. 

a.  Cafinitiona: 

1)  A row  of  nunhers  ia  called  a row  Tector. 

Example : 

S 2 6 8 ; 

2)  A column  of  numhara  la  called  a column  yector. 

Example: 


S)  A rectangalar  table  of  numbera  la  called  a matrix » 
Example: 


4)  A square  matrix  with  entries  in  the  diagonal  from  upper 
loft  to  lower  right  and  zeros  elsewhere  is  called  a 
djagonal  matrix . 

Example: 


5)  A single  letter  may  be  used  to  designate  an  entire  vector  or 
matrix. 

Examples : 

Note  that  the  following  examples  are  different  than  tha 
preceodlng  examples.  The  terms  vector  and  matrix  can  be 
applied  to  any  eat  of  numbers  arranged  as  a row,  a column, 
and  a table. 
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1)  Pov  Tactor  A aquala : 

7 5 9 

2)  Coluam  vactor  B aquals: 

1 

6 

k 

3)  Matrix  C equals: 

5 8 

3 7 

2 8 

6)  Tha  tranapoaa  of  a matrix  la  tha  matrix  vith  tha  roirs  of  tba 
original  matrix  vrlttan  aa  columna  (or  original  oolumoa  vrlttaa 
aa  rova  vhlch  glvaa  tha  aama  result) . Tha  tranapoaa  la  dealgoatad 
by  tha  letter  for  the  original  matrix  primed. 

Example: 

The  transpose  of  matrix  C la  C aiul  is: 

aB«a 

5 5 2 

878 

b.  Multiplication  of  Toctora. 

Conaidar  the  following  two  row  ractora 

Vector  A 7 5 9 

Vector  E 832 

Multiply  the  first  number  of  vector  A hy  the  first  number  of 
vector  JR:  *. 

7 X 8 - 56 

Also  find  the  product  of  the  second  entries  In  the  two  vectors ; 

5 X 3 * 15 

Bimliarly  ftad  the  producta  of  each  piar  of  'con'sepondlng  entries 
In  the  two  vectors.  The  third  texms  In  the  example  give: 

9 X 2 - 18 

Sum  the  products: 

56  ♦ 15  + 18  ■ 89. 

This  sum  Is  the  result  from  multiplying  the  two  vectors.  Thus: 
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Two  vectora  are  multiplied  by  euiaalng  products  of 
corroaponilng-entrloB  In  the  tvo  7ectorB. 


Consider  a second  a.  ''.pis;  Bultlpllcatlon  of  row  vaotor  A and 


column  vector  B. 

Vector  A 

7 5 9 

Vector  B 

1 

6 

4 

These  tvo  vectors  are  multiplied  as  follows: 

7x1-7 
3 X 6 - 50 
9 X 4 - S6 
Total 

The  result  of  multiplying  the  tvo  vectors  Is  the  number  79* 

Note:  Tvo  /ectors  must  have  the  same  number-  of  entries  If 
they  are  to  be  multipHed. 

Multiplication  •if  Matrices: 


Consider  the  following  set  of  three  matrices. 


Matrix  C 

Matrix 

F 

Ototal 

5 

8 

, 4 

6 5 

5 

18 

5 

7 

1 

9 2 

7 

19 

2 

8 

Total 

w~ 

SST 

Product  Matrix  C7 

Total 

28 

102 

31 

81 

242 

19 

81 

23 

64 

18? 

16 

84 

22 

66 

168 

Total 

63 

267 

76 

2U 

617 

Consider  the  first  row  of  matrlx.JJ  as  a row  vector.  Consider 
the  first  coluEJi  of  matrix  F as  a column  vector. 

Mwltlpllcation  of  these  vectors  yields: 

5 X 4 - 20 

8 X 1 - 8 

Total  IT 

■rne  ir-ctal  23,  is  recorded  in  the  first  rov  and  first  coliunn  of  the 
pr-x'-r.- r,  CF. 
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14ultlpllcation  of  tho  moodA  xov  of  aatrlz  C b;  tho  first  ooluan 
of  matrix  £ /Isldst 

S X b - 12 
7 X 1 • 7 
Total  15” 

19  Is  rscordsd  In  the  sscood  rent  and  first  oolunn  of  tbs  produot 
matrix 

Slmilarl^i  tha  l6  In  tbs  third  rov  and  first  column  of 
produot  matrix  CF  results  fraa  multipljrlDg  the  third  rov  of 
matrix  C by  the  first  col\sm  of  matrix  F. 

2 X t - 8 

8x1-8 

Total  iS" 

When  the  row  of  colvsm  totals  of  matrix  C Ip  multiplied 
the  first  column  of  matrix  F the  result  la  the  total  of  tha 
f Irat  column  of  the  product  matrix  CF. 

10  X h - bo 
23  X 1 - 23 
total 

This  computation  of  tho  total  of  tho  column  of  tho  produot  matrix 
Is  an  efficient  check  on  the  computation  of  tho  ontrlee  in  tho 
column. 

Tha  eecord  column  of  tl»  product  matrix  ££  Is  obtained  bx 
multiplying  tho  rove  of  notrix  C by  the  second  column  of  tho 
matrix  F. 


First  row,  BeCOnd  coluori 

5 X f 30 

8x9  - 72 
Total  102 

Second  row,  second  column 

5 X 6 « 18 

7x9-^ 
Total  81 


Third  row,  second  column 

2 X 6 - 12 

8 I 9 - 72 
Total  0f 

Total  row,  second  column 

10  X 6 - 60 


23  I 9 
Total  207 
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The  thirl  column  of  ths  product  m&trlx  C Is  obtained 
clmllarljr  bjr  uultlpljrlng  ths  rovs  of  matrix  ^ bjr  ths  third  column  of 
matrix  F.  For  ths  fourth  column  of  ths  jiroduot  matrix  ths  fourth 
column  of  matrix  £ is  used.  A check  on  ths  totals  of  ths  rovs  of  ths 
product  matrix  ^ is  obtained  by  multiplying  ths  rows  of  matrix  C by 
the  column  of  totals  of  ths  rovs  of  matrix^ for  example: 

5 X 18  - 90 
8 I 19  -1^ 

Total  242 

Multiplication  of  the  rov  of  totals  of  coltunna  In 
matrix  C by  the  matr'T  F column  of  totals  of  rows  yields  the 
grand  total  of  all  entries  in  ths  product  matrix  CF. 

10  I 18  - 180 
23  X 19  - 437 
Total  617 

IVo  matricss  are  a'lltlpllod  by  multiplying  as  vectors  each 
rov  of  th’S  first  matrix' by  each  col^uan  of  the  eocorjl  zsatrlx  and 
racordin.-^  ths  rssulta  in  a jg-oduct  matrix  vith  a rov  for  each  rov 
of  the  first  matrix  and  a column  for  each  colman  of  the  second 
matrix. 


Kote  that,  for  tvo  matrices  to  be  miltlplled,  ths  oecond  satrlx 
mist  hare  ths  eama  number  of  rovs  as  the  first  matrix  tisa  number 
of  cclussne. 


Wots,  also,  that  the  order  of  the  mutrlcos  mates  a differoncs  la 
the  matrix  product.  With  square  as  trices  care  must  be  tiatea  to 
consider  the  matrices  in  the  proper  order.  Multlplloatisn  of 
matrices  in  the  vrong  order  vill  produce  erroneous  results. 


